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DECIMAL EXPANSIONS OF RATIONAL NUMBERS.

This article is concerned with the decimal expansions of

numbers of the form % » Where a and b are positive

integers with no common factor except 1 , and a is less
than b .

For example, -;6 = .0625 , a '"terminating decimal" 2

£ = BB ... = B, waere the b indicates that

the block of digits beneath it is repeated indefinitely. In
each of these examples tem is the base or scale of the represent-
ation of the numbers, but you are already aware of the fact that
other numbers may be used 1in place of ten.

Thus
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where the subscript implies that 7 1is the base used in the
representation of -% (which incidentally 1s still called a
"decimal expansion" of -% s lgnoring the fact that decimal
derivesvfrom & root meaning ten ; there is no other convenient

word).

The calculation of such expansions proceeds exactly as in the
scale of ten, except that instead of "bringing down a zero" to
“the end of the remsinder at each stage, one must instead
multiply by whatever base ie used.

To calculate the decimal expansion of ;; using 3 as the base



of the representation one proceeds as follows:-
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Indeed, the above merely sets out in a convenient form the
following information:-
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We now answer some questions concerning such expansions.

Ql. Which fractions % have terminating decimals in the scale

of 10.7 ( of 8?).



ANSWER: Q1. This occurs if the only prime factors of b
are also prime factors of 10 ( of 8). The converse is
also true.

Indeed, if b = Qh ﬁk where, say, k = h, then
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Since the numerator is an integer less than lOk , it is equal
to
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a terminating decimal. Conversely if e (.c102 b ck)10

then TOka%

10k = 2k 5k - It follows that b has no prime factors

other than 2 and 5 .

is an integer, whence b is a factor of

Q2. Do all repeating decimals represent rational numbers ?

a
. )
How can one convert to vulgar fraction form?

ANSWER: We show how to carry out the conversion for (.3758)10

Let x = .3108
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It is clear that the procedure can be carried out for any
expansion (.c.lc2 cer Oy did, oo dn)s and will give

L.



X = . for some integer A .

g (sh-1)

Q3. Is the converse true? That is, does the decimal expansion
of every retional number eventually either recur or terminate.

ANSWER: That this is so may be proved by considering the
process used in calculating the expansion
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At the "nth" stage we subtract c XD and leave g remainder
roo sunch that 0 = £ G If any two remainders T and
r are equal, it is clear thet:the block of digits cm+1cm+2..cn..

will recur. But since there are only b-1 different non-zero
remainders, after b stages of the process either a remainder
of zero has occurred, in which case the expansion terminates, or
else at least two remainders are equal, and the expansion recurs.
The period (the number of digits in the recurring block) is
plainly not greater than b-1, irrespective of the scale used
in the representation.

g&. Given 2 what can be said abouf the number of digits before
the recurring block, and about the period, of the expansion.

ANSWER: Referring to the answer to Q2. if
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so that b is a factor of Sk(Sn-l). It can be proved that
k and n .are always the smallest integers such Ehat b
‘divides ‘Sk(Sn-1). Thus for S=10, if b= 2 5mb1 where
b1 is relatively prime to 10 , then k is the larger of 1
eand my and n is the smallest power of 10 which leaves a
remainder of 1 on division by b1



For example, the decimal expansion of 7%% = —5——22—————
2" X5 %37
will have k=2 , and n= 3 (since 37 is a divisor of
999 = 10°-1 , but not of 9 or 99).

In particular, if b is relatively prime to § s then k = O,
i.e., the decimal expansion is a "pure" recurring decimal.

Q5. Find all the fractions s whose decimal expansion in the
scale of 3 is a pure recurring decimal whose period is L.

ANSWER: By the answer to Q, b 1is a factor of 3h-1 , but
not of 3.1, 3 -1 y OF 33-1 . The possible values of b are

5 10, 16, 20, 40 or 80 . Then a 1is any integer prime to b.
f[r it is also given that b is a prime number, the only positive
solutions less than one are
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The digits in the recurring blocks in decimal expansions often
display curious properties,

Consider ~% = (182557 ) . The remaining fractions with

denominator 7 have expan81ons which may be obtained merely by
cyclic rearrangement of this block of digits.

eg. -% = 575 . Again’breaking the block into halves and

adding: - 142 + 857 = 999;  or into thirds and adding: -

W+ 28 '+ 57 = 99; both yield suggestive results. The reader
may find it interesting to discover further properties of a like
nature, and to attempt to explaln when and why they occur.
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