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A geometric approach to Fibonacci and Lucas sequences
Radu-Ioan Mihai!

Mathematics is the art of giving the same names to different things.
— Henri Poincaré, Science et Méthode, 1908.

1 Introduction

Fibonacci numbers are well-known and well-studied, as are the related Lucas numbers.
The usual approach to studying these two sequences of numbers is usually algebraical
and combinatorial. In this article, we would like to present a geometric interpretation
of these interrelated sequences and their unique properties.

Let us first define these numbers. The Fibonacci sequence (F,,),>o is the sequence of
numbers

defined recursively by the formula
Fn+2:Fn+l+Fn- (1)

For instance, 8 = 5 + 3, so Fy = F5 + F;. The Lucas sequence (L,,),>o is defined by the
same recursive formula as Fibonacci sequence (L, 12 = L, 1 + L,) but the starting term
(Lo = 2) is different:

L0:27 lel, L2:3, L3:4, L4:7, L5:11, L6:18

These sequences of numbers have been studied extensively [5, 6] and there are many
examples of nature’s rules following their recursion formula, including for instance the
shapes of spiral galaxies, such as Messier 74, and hurricanes, such as Hurricane Irene
(see, for example [1]).

Many properties of the two sequences are similar but not all. We will look at some
of the interesting ways in which the Fibonacci numbers and the Lucas numbers are
related. Our approach will primarily be geometric and visual.
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2 Known relations

Before looking at the geometric ways in which to relate the Fibonacci numbers and
the Lucas numbers, let us first consider some simple and well-known algebraic rela-
tions between these numbers. By solving recurrence equation (1) with respect to initial
conditions F, = 0 and F; = 1, and solving similarly for Lucas numbers with initial
conditions Ly = 2 and L; = 1, we find that

F, = %(s@” -~  and  L,=¢"+¢ ", (2)

where ¢ = %5 is the famous golden ratio. The expressions above, the first of which
is called Binet’s Formula, can be used to prove the following relationships between the
Lucas and Fibonacci sequences. We will however prove these more directly.

Proposition 1.
L,=F,+2F,_;.

Proof. Certainly, L; =1=1+2x0=F +2Fyand L, =3 =1+2x 1= F, + 2F).
Assume that L,, = F,, + 2F},_ for all values up some integer n > 1. Then by (1),

Lpt1 =1Ly, + L,
= (F, +2F,_1) + (Fh_1 + 2F,_2)
= (Fp+ F1) +2(F_1 + Fu)
= F,1 +2F,.

By induction, L,, = F,, + 2F,,_; is true for all n > 1, and (1) concludes the proof. O

Many other relations, like that in Proposition 1, exist between Fibonacci numbers
and Lucas numbers. For instance, by applying (1) to Proposition 1, we find that

:Fn+Fn—1+Fn—2+Fn—3 (4)
- n+1+Fn71- (5)

You can find these and other algebraic relations between Fibonacci numbers and Lucas
numbers in [7], including the following:

1
F, = E(LnJrl =+ Lnfl) (6)
Ln = Fn+2 - Fn—? (7)
s, =L,F,. (8)



3 A geometrical approach

Let us now draw the points A4, (n, F},) and B, (n, L,) as follows.
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We consider the triangles with points A4,,, B,,_; and B, and angle §,, = Z(A,,B,—1A4,+1):

An+1

and so
|Bo1An| =1+ F2,
| Bn1Anid] 44+ F7 4
|AnAn+1} - 1—|—F,3 1



We can then calculate the general formula

Bn—lA:L : Bn—lAn-‘rl o 2— Fn—QFn—B
}Bn—lAn| ‘Bn—lAn+1| \/1 + F3—2 \/4 + F'r%—3

cos b, = cos L(A,Bn_1An11) =

The following result represents a geometric interpretation of the relation between
the Lucas and Fibonacci sequences:

Theorem 2. The following relations in the triangle ADB,,_1 A, A, +1 hold for n > 2:

(a) 0, = Z(A,B,_1A,41) increases as n increases.

(b) lim 6, = .

n—oo

(c) The quotients of the edge lengths of the triangle AB,,_1 A, A, converge to o and p*:

—> —_— —
lim ‘Bn*lAn| = lim ’Bn*lAn‘ =, and lim |AnAnH| = ¢?
—_— =, —_ =, —_ = .
oo |Bn—1An+1‘ oo ‘Bn—lAn+1| oo ‘Bn—lAn—‘rl‘
Proof.
(a) Since F;, increases as n increases,
COSQ - 2 — anQan?) > 2 — ananf2 o C089
n — - - n+1,
VIFEL A4 L, - JIT R ar b,
which implies that 6,, increases as n increases.
(b)
2
y e 2—FoFs Faafas 1
im cosf, = lim 5 = = lim =-1,
n—00 n—00 \/1+Fn—2\/4+Fn—3 n—00 \/F21 +1\/F24 +1
n—2 n—3

so lim 0, = 7.
n—o0

(c) Since ¢ ~ 1.618 > 1, Binet’s Formula (1) implies that

- Fopr \/Lg(@"“ — @ (mt)) ettt —
- 1 n —n - an __ =@
nooe B, sl =) P =1

This limit, discovered by the great astronomer Johannes Kepler four centuries ago,
implies that

2
_ 1 Frn—
li |Bn71An| li I+ Fg_Q li Fﬁ,g - (Fn—i) li Fn72
m —— = lIn —— = l1Im = l1im = .
n—00 ‘Bn—lAn—‘rl‘ n—oo \| 4 + F3_3 n—00 FQL +1 n—oo [, g

The two remaining ratio limits are proved similarly. OJ
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4 Final Remarks

We end this paper by recommending the book of Gielis [2], in which types of sym-
metries related to the Fibonacci sequence, observed in plants and shells, are nicely
presented and illustrated.
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