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On uses and applications of Muirhead’s Inequality

Soham Dutta’

1 Introduction

In this article, we will explore a less-known but very powerful class of inequalities
known as majorisation inequalities. We will particularly focus on the inequality called
Muirhead’s Inequality and will present some of its applications to problems which
have appeared in national and international maths olympiads and other maths com-

petitions.

2 History

Muirhead’s Inequality is named after and was discov-
ered in 1901 by Robert Franklin Muirhead (1860-1941),
pictured to the right?>, who was a mathematician born in
Glasgow, Scotland. Muirhead graduated with a B.Sc. from
the University of Glasgow in 1879 and with an M.A. in
1881, with the highest honours in mathematics and nat-
ural philosophy (physics). He was one of five students
who graduated with an M.A. with Honours in Mathemat-
ics and Natural Philosophy in that year, two with First
Class Honours and three with Second Class Honours.

Throughout his career he published more than 90 pa-
pers, the most famous of them being that of Muirhead’s
Inequality under title “Inequalities relating to some alge-
braic means” [4].

Robert Franklin Muirhead

!Soham Dutta is a 12-th grade high-school student studying in Delhi Public School Ruby Park, India.

2This picture was copied from the webpage

https://mathshistory.st-andrews.ac.uk/Biographies/Muirhead/.
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3 Majorisation

Consider sequences x = (x1, %2, ..., 2,) andy = (y1,Ya, . . ., y,) that are non-increasing:

L g
Y=Y =2y

The sequence x majorizes y, which we denote by
XYy,
if and only if the following conditions hold:

T1+ T+ x>y +ye+---+y forallk=1,2,...,n—1
and @+ @ 4 F T =Y+ Y2t F Un

For example, (3,0) > (2,1) since3 >2and 3+ 0 =2+ 1.

Also, (1,0,0) > (3,3,3)since1 > £, 140>+ 3and 14+ 0+0= 3+ 3 + 3.

When the sequences x are integral, it can be useful to represent them visually as
stacks of boxes; these are called Young diagrams or Ferrers diagrams. For instance, the
Young diagrams for the sequences (4, 2) and (3, 3) are as follows:

L]

These diagrams can be useful for visualising majorisation. In particular, a sequence
x majorises another sequence y if it is possible to slide blocks from the diagram for x
upwards to form the diagram for y. For instance, the majorisations

(4,2,0) = (3,3,0) = (3,2,1)

can be visualised as follows:

O

We shall now state Muirhead’s Inequality [4].

Theorem 1 (Muirhead’s Inequality).

Let x = (x1,29,...,2,) and y = (Y1,Y2, - .., Yn) be non-increasing sequences with x > y.
Then for all be non-negative real numbers ay, as, . .., an,

Za’fla? ceeatt > Zal{la? ceealn

sym sym
If x 'y, then equality holds above if and only if a; = as = a3 = -+ - = a,.



In the theorem above, the sums use symmetric sum notation, where the index runs
over n! permutations of the exponents 1,2, ..., n. For n = 3, examples of the use of this
notation include

Z a'b®>? = a'b3? + a'b? + a?bPct + a?beP + aPbPet + oPb P

sym

Z a’b’ct = a’b’c + bPa’c + b*Pa + Pb%a + *a’b + a*cPb = 2(a’VPc + bPPa + Pa’h)
sym

Z a*b’® = a®b°® 4 a*cb° 4 b*cPa’ 4 b?a P 4 a4 A0’ = 2(a® + 0P + ¢F).
sym

In the last two examples, the sum runs over all 3! = 6 permutations but since some
terms of the sequences are equal, we get 3 pairs of equal terms. Similarly, we end up
with just a single term in the following example:

Z atble! = atblet + atetb! + bratet + bietal + ctatdt + ethtal = 6abe.
sym

Muirhead’s Inequality can be proved by induction on the number of terms of the se-
quences of powers. However, a proof will not be discussed here.

4 Some Useful Standard Inequalities

Here is a list of some common inequalities (without proofs) for later use in the article.
These inequalities can for instance be found in [5].

OM-AM-GM-HM Let ay, as, . . ., a, be n non-negative real numbers. Then

2 2 2
ait+a;+---+a ay+ax+---+a n
\/1 2 nz 1 2 nznaﬂlQ"‘anZ - - —.
" n w Tttt
Equality occurs if a; = as = - - - = ay,.

Weighted AM-GM Let p1,po,...,pn,a1,02,...,a4, > 0and py +ps+ -+ p, = p. Then

Equality occurs if a1 = as = - - - = ay,.

Cauchy-Schwarz Let ay,as,...,a, and by, by, ..., b,. Then

(Zn:af) (Zj;zﬁ) > Zn:(aibif

i=1 i=1

Equality holds if a; = kb, for some real k and all i = 1,2,... n.
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Titu’s Lemma Lef ai,as,...,a, and by, by, ..., b,. Then

2 2 2 2
A a a2 _ (a+ag+--+a,
L S Iy

by by by = bitbyt -+ b,

Equality holds if a; = kb, for some real k.

Rearrangement Inequality Leta; > ay > --- > a,and by > by > -+ - > b,. Then

Zaibj Z Z aibj Z Z aibj.
i#]

i=j j i+j=n+1
itjAn+1

Equality holds if a1 = as = - - - = ay,.
Schur’s Inequality Let ¢ be positive number and let x,y, z be non-negative numbers. Then
v —y)r—2) +y'y—2)y—2) +2(z-2)(z —y) 2 0.

Equality holds if and only if x = y = z, or two of x,y, z are equal and the third equals 0.

5 Examples and Demonstrations

We now show how to use Muirhead’s Inequality to solve assorted problems.
Example 1. (Problem 1) For positive real numbers x,y, show that x5y* + Pzt > aty? +y*2>.

We shall give three proofs to this problem: the first using the AM-GM Inequality, the
second using elementary techniques and the third using Muirhead’s Inequality.

Proof. (AM-GM) By the AM-GM Inequality,

4 4 4 4
T+ 1—:13 +y 2 ((L‘12y4)i :xgy
4 4 4 4
Yty Z?J + 2($4y12)i:y3x,

with equality exactly when = = y. Adding these inequality yields z* + y* > 23y + y>x.
Since xy > 0, it follows that 2°y! + y°2! > 2%y? + y*2?. O

Proof. (Elementary) Since x and y are both positive,

2y +y’r — o'y — y'e? = ay (v — )} (@ Fay + 7)) > 0.

Hence, 2%y + y°z > x%y? + y*2?, and equality holds if and only if z = y. O
Proof. (Muirhead) Note that (5,1) > (4,2), so apply Muirhead’s Inequality on (z,y).
Equality holds if and only if z = y. O



Example 2. (Problem 2) Let a, b, c be positive real numbers. Show that

A+ +c>ab+be+ca
and a®+ b+ S > 3ab.

We show three methods to solve this problem: the first using the AM-GM Inequality,
the second using elementary methods and the third using Muirhead’s Inequality.

Proof. (AM-GM) The AM-GM Inequality yields the following three inequalities:

2 2 2 2 2 2
a‘+b > ab. b—;c > be. c+a

> ca.
9 =

5 Z

Add these to obtain the problem’s first inequality. Equality occurs when a = b = c.
To show the second inequality, apply the AM-GM Inequality to a®, b3, ¢*. O

Proof. (Elementary) To show the first inequality, note that

1
a?> +b* +c* —ab—bc—ca = 5((a—b)2+(b—c)2+(c—a)2) >0, (1)
with equality occurring if and only ifa = b = c.

To show the second inequality, note that a + b 4 ¢ > 0 and apply Inequality (1):
a®+ b+ —3abe = (a+b+c)(a®+b*+c —ab—bc—ca) >0.

Equality holds if and only if a = b = c. O

Proof. (Muirhead) Observe that (2,0,0) > (1,1,0) and (3,0,0) > (1,1,1) and apply
Muirhead’s Inequality to (a, b, c). 0

In the above example, we do not directly get inequalities a* + b? + ¢* > ab + bc + ca
and o’ + b® + ¢ > 3abe by applying Muirhead’s Inequality. In particular, we get the
inequalities 2(a* + b* + ¢*) > 2(ab + bc + ca) and 2(a® + b* + *) > 6abc; first after
dividing by 2 do we get the required results. This is an important fact that people
overlook when applying Muirhead’s Inequality. It is always a good practice to write
out all terms without considering that they might get repeated.

Example 3. (Problem 3) (Nesbitt) Show that, for positive real numbers a, b, c,

a b c
+ -
b+c c+a a+b

3
> —.
-2

We show two methods to solve this problem: one using the AM-GM Inequality and
the other using Muirhead’s Inequality.
Proof. (AM-GM) Observe that the given inequality is equivalent to proving

2a+b+c 2b+a+c 2c+a+d
+ + >6.
b+c a+c a-+b
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Now letx =a+ b,y =b+ ¢, 2 = a + c. Hence the above statement transforms to

T+ z +z x4+
T A
Y T z

6

which is true since Y

xr oz z x oy
-+ -+=-+-+-+=2>60
y Yy T x zZ oz

holds by the AM-GM Inequality, with equality if and only if a = b = c. O
Proof. (Muirhead) We can re-express the inequality as

203 + 26 + 2¢% > ab® + a®b + b + b*c + Fa + d’c;
but this is true by Muirhead’s Inequality since (3,0,0) > (2,1,0). O

Example 4. (Problem 4) (AM-GM) Show for positive real numbers ay, as, . . . , a,, that

a1+ ay+ - +ay
n

> Jaiag - Q.

The classical proof of the AM-GM Inequality above is by Cauchy Induction. The proof
of the inequality using Muirhead’s Inequality is, however, a little tricky!

Proof. Observe that (1,0,...,0) = (£, ... 1), Thus we might apply Muirhead’s
Inequality on (ay,as,...,a,). But be careful!! The symmetric sum for the sequence
(1,0,...,0) has (n — 1)! identical terms and the symmetric sum for (£,% ... 1) has n!
identical terms, all of which must be counted. By applying Muirhead’s Inequality to

(ay,as,...,a,), we see that

3=

(n—1Da1 +ag+as+ -+ ap) > nl(aras- - - ayp)
Simplifying this inequality yields the required result. O
Let’s now look at a few problems that have previously appeared in maths competitions.

Example 5. (Problem 5) (Russia 1991) Let a, b, c be positive real numbers. Show that
1 1 1 1

T3 + + < .
ad+03+abc B3+ +abe A+ a4+ abe — abe

Proof. Clearing the denominators and multiplying both sides by
abc(a® + b + abe) (b* + ¢ + abe)(c® + a® + abe)
leads to the equivalent inequality
Z a’bh’? < Z av3cl.
sym sym
This is true by Muirhead’s Inequality since (6, 3,0) > (5,2, 2). O

The next problem is the famous inequality from the Iran 1996 competition.
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Example 6. (Problem 6) (Iran 1996) Prove, for positive real numbers a, b, c,

1 1 1 9
(ab+ be+ ca) ((b+c)2+(c+a)2+ (a+b)2) =

Proof. We can re-express this inequality as
4Za5b+ Za4bc+ 3Za2b202 > Za%z + QZa3bQC+ 32&363.
sym sym sym sym sym sym
Since (5,1,0) > (4,2,0) and (5,1,0) > (3,3,0), Muirhead’s Inequality implies that
3Za5b > 3Za363 and Za5b > Za462.
sym sym sym sym
It now suffices to show that
Z a*be + 3 Z a*b’c? — 2 Z a*b’c > 0.
sym sym sym
This is equivalent to showing

2abc(a(a —b)(a—c)+bb—c)(b—a)+c(c—a)(c—1b)) >0.

This last inequality true by Schur’s Inequality and hence we are done.

We now look at Problem S600 [7] proposed by Adrian Andreescu.

(2)

Example 7. (Problem 7) (Adrian Andreescu) Let a, b, c be positive real numbers. Show that

8a . &b . 8¢ S 9
302 +2bc+3c¢?2  3c2+2ac+3a?  3a2+2ab+3b2 " a+b+c’

Proof. We aim to show that

8a? N 8b? N 8¢? S 9
3ab? + 2abc + 3ac?  3bc? + 2abc + 3a2b  3ca? + 2abc+3c¢h? T a+b+c

By Titu’s Lemma, we have

8a? 81? 8c? - 8(a+b+c)?

3ab? + 2abc + 3ac? + 3bc? + 2abe + 3a?b + 3ca? + 2abc + 3cb® T Gabe + 3 Z ab?

sym
It therefore suffices to show that

8(a+b+c)? .9
3ab? + 3a2b + 6abc + 3ac? + 3bc? + 3b%c+ 3a2c ~ a+b+c’

By cross-multiplying and cancelling out like terms, we have to show that

8a® + 8b% + 8¢ > 3ab® + 3a’b + 6abe + 3ac? + 3bc? + 3b%c + 3a’c.
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Since (3,0,0) > (2,1,0) and (3,0,0) > (1,1, 1), Muirhead’s Inequality applied to (a, b, c)
gives
203 + 2% 4+ 2¢3 > 6 abe
and 3(2a° + 2b° 4 2¢%) > 3(ab® + a®b + ac® + bc* + b%c + a’c).
Adding the above inequalities yields the result. O
The following problem is by Nguyen Viet Hung and was published in Mathematical

Reflections.

Example 8. (Problem 8) Prove that, for positive real numbers a, b, c,

+
be ca ab T a?4+0b2+c2

a b3 S 3(a® + b + 3)

Proof. By clearing denominators, we see that it suffices to show
(a* + 0" + ") (a® + 0> + ¢*) > 3abe(a® + b + ¢*)

or, equaivalently,

Z apc® + 2 Z a*t’® > 3 Z a*be.

sym sym sym

Since (6,0,0) > (4,1,1)and (4,2,0) > (4,1, 1), Muirhead’s Inequality applied to (a, b, c)

gives
Z a’p’c® > Z a'be and 2 Z a*t?c® > 2 Z a'*be .
sym sym sym sym
Adding these two gives our required inequality, with equality when a = b = c. O

6 Some Words on the Usage of Muirhead’s Inequality

Hopefully, it is by now clear to the reader that Muirhead’s Inequality is nothing but
a stronger version of the AM-GM Inequality. In fact, one can even boldly say that all
problems that can be solved by Muirhead’s Inequality can always be solved using just
the AM-GM Inequality and the Weighted AM-GM Inequality.

The reader must also note that they should not apply Muirhead’s Inequality to
each and every problem they face at the very beginning. It is generally not advisable
to use Muirhead’s Inequality in mathematical contests or competitions. However, if
they are not at all able to find a solution using standard inequalities like the AM-GM
Inequality or the Cauchy-Schwarz Inequality, or if they under time pressure, then it
can sometimes be useful to use Muirhead’s Inequality.

A common usage area of Muirhead’s Inequality is problems that involve fractional
terms. In order to apply Muirhead’s Inequality directly to such cases, one must multi-
ply the terms together and clear the denominators. This process is invariably prone to
calculation errors, and the reader should be very careful in their calculations.
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7 A Common Pitfall

Let’s say you have to prove
a’ +b" +c" > a't’ + b’ + ctaP

One may exclaim that since (7,0,0) > (4, 3,0), then by applying Muirhead to (a,b, ¢),
we are done. This is a wrong proof. Why? Because Muirhead’s Inequality works only
for symmetric sums, and

Z a*t>® = a*b3P + a*E° + v aP + v Aa’ + AaP + Ap3a.

sym

Clearly, this is not the left-hand side of the inequality above. A correct solution to this
problem is to observe that the AM-GM Inequality implies that
a"+a" +a"+a + b+ b+ b > Ta*h?
BT+ b7 + 0" + b + ¢ + ¢ + " > Thrat
'+ + "+ +ad" +ad +a >
Adding these inequalities yields the required inequality above.
Another example of such a pitfall is to prove, for positive real numbers a, b, ¢, that
a®+ b+ >a’h+bc+ Ca.
A wrong solution is to note that (3,0,0) > (2, 1,0) and apply Muirhead’s Inequality to
(a,b,c). A correct solution is to observe that the AM-GM Inequality implies
a® + a® + b > 3a%D
b + b3 + A > 3b%c
A+ 3 +a®> 3.
Adding these yields the required result. Equality holds if and only if a = b = c.
One should always be careful in such kind of questions and pitfalls and carefully

check all the terms on both the right-hand side and the left-hand side of the inequality,
to see whether they really constitute a symmetric sum or not.

8 Problems for Practice

Readers are invited to try the following problems. All problems admit non-Muirhead
solutions but they can be a little tricky to find in certain cases. In most of the problems,
it is better to not apply Muirhead’s Inequality directly but to simplify the problem
using the methods given in Section 4 and then finish the problem using Muirhead’s
Inequality. The problems are not arranged according to difficulty.



Problem 1. (IMO 2005) Let real numbers x,y, z > 0 satisfy xyz > 1. Prove that

25— g2 Yo — o2 25 2

+ + >0
w422 P i+ Sty T

Problem 2. (IMO 1984) Let a, b, c be positive real numbers with a + b+ ¢ = 1. Show that

Ogab+bc+ca—2abc§2—77.

Problem 3. (IMO 1995) Let a, b, c be positive real numbers with abc = 1. Show that

1 1 1
a3(b+c) * b3(c+ a) * A3(a+0b)

>

[\CR V]

Problem 4. (IMO Shortlist 1998) For real numbers x,y, z > 0 and xyz = 1 prove that

173 y3 23

(1+y)(1+z)+ (1+2)(1+2) + (14 2)(1+7v) Z

w

Problem 5. Prove that, for real numbers a,b,c > 0,
(a+b—c)(b+c—a)(c+a—0b) <abc.
Problem 6. (IberoAmerican Shortlist 2003) Prove that, for real numbers a,b, c > 0,

a? v e 3(ab + be + ca)
+ + >
b2 —bc+c2 c2—ac+a®  a®?—ab+0b* — a+b+c

Problem 7. (IMO 1964) (Weizenbock) Let a, b, ¢ be the side lengths of a triangle and let A
denote its area. Show that

AVIA < a2+ 2+ 2.

Problem 8. (Nguyen Viet Hung) [7] Let a, b, ¢ be the sides of a triangle. Show that

a b c 3(a* + b* + )
+ + > .
b+c—a c+a—b a+b-—c ab + be + ca

Problem 9. For non-negative real numbers a, b, c show that
3,13 .3 1 3
a’ + b’ + ¢ + abc > ?(a+b+c) .

Problem 10. (Mihaly Bencze, Neculai Stanciu) [7]
Let ABC be a triangle with side-lengths a, b, c. Prove that

a? n b? c? 2r
bc  ca ab — R

where r and R are the in-radius and circum-radius of the triangle, respectively.
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Problem 11. (Marin Chirciu) For a triangle ABC' prove that

@+E+@>3T i_‘_i_Fi
n2 Rz 2T \n2 R n2)

C

where hy, hy, h. denotes the respective altitudes from vertices A, B, C onto the opposite sides
and r is the in-radius.

Problem 12. (AoPS) Let x. y, z be positive real numbers such that (x +y)(y+ 2)(2 +z) = 8.
Prove that
o3y 4+ 32 + 2B + 2%y > dayz.

Problem 13. (IMO Longlist 1967) Prove for positive numbers a, b, ¢ that

1 1 1 <a8+b8+08

a b ¢~ adbh3cd

Problem 14. (Mock USAJMO 2015 Shortlist) Let x,y, = be positive real numbers. Prove
that
(> +9y* + 22)? > 3ayz(z +y + 2).

Problem 15. (AoPS) Let a, b, c be non-negative real numbers. Prove that

a® + be b + ca c®+ab S 9
b2+bc+c? c2+ca+a? a?+ab+02 T

Problem 16. (Mathcenter 2012 Thailand) Let a, b, c > 0 and abc = 1. Prove that

a b c 3
Pletaath)  Patb)bro  @etalath) — 1

Problem 17. (Pham Kim Hung) Let a, b, ¢ be non-negative real numbers with a +b+c = 3.

Show that
a’b n b*c n 2a <1
4—bc 4—ca 4—ab—

Problem 18. Let x,y, z be positive real numbers such that vyz = 1. Show that

3 3
> .
THYtE2 et st

Problem 19. Let x,y, = be positive real numbers such that x + y + z = 2. Prove that

2 2 2
VY + VR + v <Vt 4y 4+ 23
Vetz Vy+ar  Jzty

Problem 20. Let a, b, ¢ be positive real numbers satisfying a+ b+ c = a* + b* + ¢2. Show that

ab+ be + ca < abe + 2.
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