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Finding the exact value of sin 1◦
Kyumin Nam1

1 Introduction

The exact values of sine such as sin 30◦ = 1/2 and sin 45◦ = 1/
√
2 are well known, but

the exact value for sine for other angels such as sin 1◦ and sin 7◦ are not widely known.
In this note, we find the exact values for sin 15◦, cos 15◦, sin 18◦, cos 18◦, sin 3◦ and sin 1◦

using angle sum and difference identities and triple-angle formulas.
We first present and prove these identities and formulas using Euler’s Formula [1]:

eiθ = cos θ + i sin θ .

Theorem 1 (Angle sum and difference identities). For all α, β ∈ R,

sin(α± β) = sinα cos β ± cosα sin β ,

cos(α± β) = cosα cos β ∓ sinα sin β .

Proof. By Euler’s Formula,

cos(α± β) + i sin(α± β) = ei(α±β) = eiαe±iβ = (cosα + i sinα)(cos β ± i sin β)

= (cosα cos β ∓ sinα sin β) + i(sinα cos β ± cosα sin β).

Comparing the real part and the imaginary part completes the proof. 2

The following double-angle formulas follow as corollary from Theorem 1.

Theorem 2 (Double-angle formulas). For each α ∈ R,

sin 2α = 2 sinα cosα

cos 2α = 1− 2 sin2 α .

Theorem 3 (Triple-angle formulas). For all α, β ∈ R,

sin 3α = −4 sin3 α + 3 sinα

cos 3α = 4 cos3 α− 3 cosα .
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Proof. By Euler’s Formula,

cos 3α + i sin 3α = e3iα = (eiα)3 = (cosα + i sinα)3

= (cos3 α− 3 cosα sin2 α) + i(3 sinα cos2 α− sin3 α)

=
(
cos3 α− 3 cosα(1− cos2 α)

)
+ i

(
3 sinα(1− sin2 α)− sin3 α)

)
= (4 cos3 α− 3 cosα) + i(3 sinα− 4 sin3 α) .

Comparing the real part and the imaginary part completes the proof. 2

We will also state, without proof, the following theorem from [2].

Theorem 4. The roots of each cubic polynomial x3 + a2x
2 + a1x+ a0 are

x1 = −1

3
a2 + S + T

x2 = −1

3
a2 −

1

2
(S + T ) +

√
3

2
i (S − T )

x3 = −1

3
a2 −

1

2
(S + T )−

√
3

2
i (S − T ) ,

where

S =
3

√
R +

√
Q3 +R2

T =
3

√
R−

√
Q3 +R2

and

Q =
3a1 − a22

9
and R =

9a2a1 − 27a0 − 2a32
54

.

2 Sine and cosine derivations

Lemma 5.

sin 15◦ =

√
6−

√
2

4
and cos 15◦ =

√
6 +

√
2

4
.

Proof. According to angle difference identity, sin 15◦ equals

sin(45◦ − 30◦) = sin 45◦ cos 30◦ − cos 45◦ sin 30◦ =

√
2

2

√
3

2
−

√
2

2

1

2
=

√
6−

√
2

4
.

Similarly, cos 15◦ equals

cos(45◦ − 30◦) = cos 45◦ cos 30◦ + sin 45◦ sin 30◦ =

√
2

2

√
3

2
+

√
2

2

1

2
=

√
6 +

√
2

4
.

This completes the proof. 2
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Lemma 6.

sin 18◦ =

√
5− 1

4
and cos 18◦ =

√
10 + 2

√
5

4
.

Proof. Let θ = 18◦. Then 3θ = 90◦ − 2θ, so

sin 3θ = sin(90◦ − 2θ) = cos(2θ) = 1− 2 sin2 θ .

Also,
sin 3θ = 3 sin θ − 4 sin3 θ

by the triple-angle formula, so

1− 2 sin2 θ = sin 3θ = 3 sin θ − 4 sin3 θ

Letting x = sin θ, we have

x3 − 1

2
x2 − 3

4
x+

1

4
= 0 .

By Theorem 4, the three solutions to this equation are

x1 = 1

x2 = −
√
5 + 1

4

x3 =

√
5 + 1

4
.

Since sin 0◦ = 0 < sin 18◦ < sin 30◦ < 1
2
,

sin θ =

√
5− 1

4
.

Since cos2 θ = 1− sin2 θ by Theorem 2,

cos θ =

√
10 + 2

√
5

4
.

This completes the proof. 2

Lemma 7.

sin 3◦ =

√
30 +

√
10−

√
6−

√
2− 2

√
15 + 3

√
5 + 2

√
5 +

√
5

16
.

Proof. According to angle difference identity, we get

sin 3◦ = sin(18◦ − 15◦) = sin 18◦ cos 15◦ − cos 18◦ sin 15◦

=

√
5− 1

4

√
6 +

√
2

4
−

√
10 + 2

√
5

4

√
6−

√
2

4
.

Expanding this expression completes the proof. 2
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Proposition 8.

sin 1◦ =
−1−

√
3i

4

3

√
−α +

√
α2 − 1 +

−1 +
√
3i

4

3

√
−α−

√
α2 − 1

where

α = sin 3◦ =

√
30 +

√
10−

√
6−

√
2− 2

√
15 + 3

√
5 + 2

√
5 +

√
5

16
.

Proof. According to the triple-angle formula,

sin 3◦ = 3 sin 1◦ − 4 sin3 1◦ .

Let x = sin 1◦ and α = sin 3◦. Then 3x− 4x3 = α, so

x3 − 3

4
x+

α

4
= 0 .

By Theorem 4,

x1 =
3
√

−α +
√
α2 − 1

2
+

3
√

−α−
√
α2 − 1

2
≈ 0.857

x2 = ω
3
√
−α +

√
α2 − 1

2
+ ω2

3
√

−α−
√
α2 − 1

2
≈ −0.875

x3 = ω2

3
√
−α +

√
α2 − 1

2
+ ω

3
√

−α−
√
α2 − 1

2
≈ 0.017

where ω = e2πi/3 =
−1 +

√
3i

2
. Since sin 0◦ = 0 < sin 1◦ < sin 30◦ =

1

2
,

sin 1◦ = ω2
3
√
−α +

√
α2 − 1

2
+ ω

3
√

−α−
√
α2 − 1

2
.

This completes the proof. 2
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