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Cups made from a square sheet of paper

Shoei Takahashi, Aoi Murakami, Hikaru Manabe,! Daisuke Ikeda,> and Ryohei
Miyadera®

1 Introduction

We study a problem in which we make a cup with a square sheet of paper and try
to make the volume of the cup as big as possible. When the shape of the cup is a
rectangular parallelepiped, this problem is an easy exercise of elementary calculus, but
when the shape is a square frustum, this problem becomes difficult to solve.

Two of the present authors published part of this paper as [1] in Japan, but in the
present paper, we solve the same problem by a method different from that used in [1].

We start with a well-known exercise problem from elementary calculus, and we
generalize the problem to make a new problem.

2 Cups made from a square paper
Problem 1. We have a square sheet of paper of 12cm x 12cm as in Figure 1, and we are going
to cut out the corners of the paper as in Figure 2 and fold the sides to form a cup as in Figure 3.

Find the height of the box that will give the maximal volume.
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Solution. If the side of the square to be cut out has length z, then, after we cut out
squares from each corner, the side length of the base of the box is 12 — 2z. The volume
of the box is therefore

V =2(12 — 21)*. (1)

Since 9 = 12z% — 96z + 144 = 12(z — 6)(z — 2) = 0 and = < 6, we have z = 2, and
hence the maximum value of V is 128 when x = 2. See Figure 4 for the graph of V.

o X
Figure 4: V = z(12 — 2z)?

When Ryohei Miyadera, one of the authors, taught Problem 1 in a high school class-
room, he asked his students to try to change some parts of the problem. Daisuke Ikeda,
also one of the authors, was in the classroom as a student. He proposed the following
Problem 2, which was quite challenging to solve.

One of the most common mathematical research methods is to generalize the orig-
inal problems to make new ones. D. Ikeda’s idea was a very natural generalization of
Problem 1.

Problem 2. We have a square sheet of paper of 12cm x 12cm as in Figure 1, and we are going
to cut out corners of the paper as in Figure 5 and fold the sides to form a cup of a square frustum
as in Figure 6. Find x and y that will give the maximal volume.
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Solution Figure 7 shows the square frustum in Figure 8 from above, and Figure 9 is a
part of the square frustum in Figure 8. By Figure 7, we have

AB=CB=y—=x. (2)

Next, we consider the shape in Figure 9. By (2), BD = v/2(y — z). By Figure 5, BH =
y?> + (y — x)?, and hence the height is

DH =+VBH? — BD? = \/yQ—i—(y—x)?—Q(y—x)Q: V2 —(y—x)2. (3)

We need the following lemma to calculate the volume. For a proof, see [2].

Lemma 1. For a square frustum, let h be the height, A, the bottom area, and A, the top area.

Then the volume of the pyramidal frustum is given by “AAztvAidz

Next, we calculate the volume of the cup in Figure 6. The top area and the bottom
area are (12 — 2y)? and (12 — 2z)? respectively, and hence by (3) and Lemma 1, we have

v V2 — (y — 2)2((12 = 2y)? + (12 — 22)% + (12 — 2y)(12 — 22))
3

4
:§(x2+xy—18x—18y+y2+108) y?— (y —x)2. 4)

If you want to find the maximum volume of V' by numerical methods, then you can
use mathematical software. See Example 1 in the Appendix.

We will find x and y that give the maximal volume. Since V' is a continuous function
of z and y, we look for the points where 4 = % = 0 to find x and y that make V'
maximal. By (4), we have

dv 4(32® — 32%(y + 12) — 2z(y* — 18y — 54) — y(y* — 18y + 108))
—— == =0 (5
dx 3y —x(z — 2y)

and
AV 4x((z—54)y + 54> +108) 0 ©)
dy 3y —x(z — 2y) o
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By (5) and (6) we have

32 — 322 (y 4+ 12) — 22(y* — 18y — 54) — (y* — 18y* + 108y) = 0 (7)
and
(z —54)y + 5y° + 108 = 0. (8)
By (8) we have
—5y? + 54y — 1
. oy + H4y — 108 ’ ©)
)
and hence by (7),

49y — 1400y° + 16284y* — 98928y> + 331776y — 583200y + 419904 = 0,
which can also be written as
(y — 6)(Ty* — 54y + 108)(Ty* — 104y” + 468y — 648) = 0.

Since y < 6 and the solutions of 7y* — 54y + 108 = 0 are not real numbers; we only have
to solve
Ty? — 104y* + 468y — 648 = 0. (10)

If we use mathematics software such as Mathematica, then we get the numerical solu-
tions y = 2.7861, 4.2461, 7.8248. See Example 2 in the Appendix.

Since y < 6, we consider only y = 2.7861,4.2461. For y = 2.7861, 4.2461, by (9), we
have x = 1.3061, 7.3344. Since x < 6, the solutions should be x = 1.3061 and y = 2.7861.
By (4), we have V' = 149.333, and this volume is bigger than 128, which is the volume
of the cup in Problem 1.

Our next aim is to mathematically solve Equation (10), and we use the standard
method for finding solutions to cubic equations. See [3] and [4].
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Figure 10: Graph of 7y® — 104y* + 468y — 648

By (10), )
10492 468y 648
3 _ 7 =. 11
7 7 7 (11)
Let
) =z+ 104 (12)
y==751



By (11) and (12) we have
5 988 40696

e, P . 13
STt e (13)
Let z = u + v. Then, we have
40696 988
3 3 _ _ = = 0. 14
u vt = o +3(uv 441)(u+v) (14)
Next, we look for u and v such that
40696 988
3,3
- = ——=0. 1
u’ 4v 9261 0 and w = 0 (15)

It is clear that you can get (14) from (15), but not (15) from (14). Readers who are not
familiar with the method for solving cubic equations may wonder why we use (15) in
the following. As you see later in (23), you get three solutions of (13). Then, you can
understand why we use (15).
By (15),
I 40696
9261

and hence u* and v? are solutions of the equation

3
and wd = (988>

441

40696 988’
2 — ) . 16
T (441) (16)
Therefore, we have
2034 22 1077
5 _ 20348 + 2268107 a
9261
20348 — 2268+/107 ¢
vt = 20 L (18)
9261
There exist real numbers r, 6 such that r > 0,0 < § < 7/2 and
20348 + 2268+/107 %
) S = : 19
r(cos @ +isinf) 9961 (19)
Then, we have
1976247
r=———— (20)
9261
and
567107
=tan ' | D/ | . 21
0 = tan ( 08T ) (21)

Therefore, by (17), (18) and (19) we have

u = wir'/? cosg—i-ising
3 3



fori=0,1,2 and

: —0 —0
v = w]rl/3(cos — +sin —>
3 3
for j = 0,1,2, where w = cos & + isin 2.
By (15), uv is a real number, and hence we have

0 0

u= w3 k3 ( cos = + ¢sin —) (22)
3 3

v = wkr1/3<cos% —i—isin%)

for k = 0, 1, 2. Then, the solutions of (13) are

0 23—k 0 23—k
z:u—l—v:rl/?’(cos(g—l——(gg >7T)—l—isin(g—l——(g3 M))

0 2km 0 2km
1/3 _ 7 = . . _ ="
+7r (cos( 3—1— 5 )—i—zsm( 3—1— 5 >> (23)
for k = 0,1, 2. Here we have
sin (g (G hnt) ; k)ﬂ) +sin (—g + %TW) =0, (24)
since 6 23—k 6 ok
—k)m ™
-t — 4+ —) =27. 2
<3+ 3 >+< 3+3) ™ (25)

By (12), (23) and (24), we have

104 0 23—k 0 2k 104
y—z+%—7’1/3008(§+¥)—i—rl/gcos(—g—i-%)—l—%,

and hence, by (25),

2 104
’ ﬁ) ! (26)

— 9pl/3 z el
Y /7 Ccos ( 3 + 3 21
for k = 0,1, 2. Now we have three values for y, and we must choose the right one. Here
we use approximate values for y. By (20), (21) and (26) we have

y = 7.82482, 2.78616, 4.24616 (27)
for k =0,1,2. Since 0 < z < y, by (9) we have

—5y? + 5dy — 108
< Y~ 0%y <
y

0

Y.

Therefore, 0 < —5y? + 54y — 108 < y? and hence

5y — 54y +108 <0  and  6y® — 54y + 108 > 0. (28)



By (28), we have
27 — 3v/21 e 27 + 321

29
F Y F (29)
and

y<3 or y>6. (30)
Since y < 6, (29) and (30) imply that

27 —3v21

T\/_ <y<3, (31)
where %ﬁ is approximately equal to 2.65.

By (27), the only value of y that satisfies (31) is y = 2.78616; that is when k& = 1.
Therefore by (26), the value of y that gives the maximal volume is

, 0 2w\ 104
— op!/3 )= 2
y=2r cos(3+3)+21 (32)

By (9) and (32), we also get the exact value of y that gives the maximal volume of V.

3 Appendix

In mathematics research, mathematics software is often beneficial. The authors used a
desktop version of Mathematica, but online Mathematica is free with some restrictions
on the time used. You can also use Wolfram Alpha for free, but Wolfram Alpha has a
professional version that is more useful and not free.

Here the authors present some Mathematica programming.

Example 1. This is a Mathematica program to calculate the maximum volume of the square
frustum in Problem 1.

data=Table[4/3 (x"2+x*y-18x-18y+y~2+108) Sqgrt [y 2—-(y-x) 2],
{y,0,6,0.01},{x,0,y,0.01}];Max[data]

The output is 149.333. This is a Mathematica program to find x and y that gives the maximal
volume of V.

MaximalBy[Flatten[Table[{x,v,4/3(x " 2+x+xy—-18x-18y+y~2+108)
Sqrt[yAz_(Y—X) A2:| }r {YI OI 610-01}1 {XI Oly10°01}]ll]lLaSt]

The output is {{1.31,2.79,149.333} }.

Example 2. This is a Mathematica program to find numerical solutions to 7Ty* — 104y* +
468y — 648 = 0.

Nsolve[7y"3-104 y~2+468 y-648 == 0,vy]



The output is as follows.
{{y -> 2.78616}, {y —-> 4.24616}, {y —-> 7.82482}}
Example 3. This is a Mathematica program to get the 3D graph of the volume in Problem 2.

Plot3D[4/3 (x"2+x*y—-18x-18y+y~2+108)Sqgrt [y~ 2-(y-x) "2],
{y,0,6},{x,0,y},AxesLabel -> Automatic]

The output is as following.

Figure 11 Figure 12

4 Some comments on this research project

As you see in the preceding sections, you can start research if you change the con-
ditions of a problem in a standard textbook. Sometimes, the problem becomes com-
plicated and demands more knowledge, but you can use mathematical software to
supplement your knowledge. Usually, the textbook is for you to understand the prob-
lems, but if you are willing to change some parts of the problems, then you can begin
to experience the enormous joy of mathematical research.
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