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PROBLEM SECTION

You are invited to submit solutions to any or all of the following problems, accompa-

nied by your name, school and year or form. Solutions of these problems will appear

the next issue of Parabola; your solution(s) may be used if they are received in time.

Q.817

Q.818

Q.820

Q.821

Q.822

Q.823

Q.824

Find all integers z,y such that z(3y — 5) = y* + 1.

If a,b, ¢ are the side lengths of a triangle, A its area, and R the radius of the

circumcircle, prove that abe = 44R.

Q.819 The figure shows two ways of drawing six line segments joining the
vertices of a convex hexagon in each a way that every pair of line
segments intersect. It is impossible to draw seven line segments (each
an unproduced side or diagonal of the hexagon) with this property.
Prove that in fact it is not possible to draw (n + 1) sides and/or
diagonals of a convex polygon with n vertices in such a way that

every pair intersect.

Show that, for any positive integer, n, the product of all integers between n + 1
and 2n inclusive is equal to 2" times the product of all the odd numbers less than
2n.

The convex quadrilateral ABCD is not cyclic, and no two sides are parallel.

How many circles can be drawn which are equidistant from all four vertices?

fo0<g;<lfori=12,-nandz1zz- 2o =(1—21)(1 —22)---(1—2,) find
(with proof) the maximum possible value of P = z122 - za.

P is a point inside a triangle with sides of length a,b,c. The perpendicular
b
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distances from P to these sides are a, 3,7 respectively. Prove that — + — + — is
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not less than %Pi where A is the area of the triangle.

{{m-n+1), (m—=n+2),---,(m—1),m} is a set of n consecutive positive
integers with the property that m is a factor of the least common multiple of
{(m —n +1),--+,(m — 1)}. Furthermore, there is no other set of n consecutive

positive integers with the same property. Find m and n.
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Q.825

Q.826

Consider all subsets of 8 elements of the set {1,2.3,. .-, 17}. From each subset
select the smallest member. Show that the arithmetie mean of the 24 310 numbers

selected is equal to 2.

The Fibonacci numbers are {1,2,3,5,8,13,21,-- -} where each number after the
second is the sum of the previous two.

(i) Prove that every positive integer can be expressed as a sum of (one or more)
distinct Fibonacci numbers.

(For example 21 can be so expressed in four different ways:- 21 = 21; 21 =
1348 21=13+5+3; 21 =13+5+2+1).

(ii) Find, with proof, all positive integers such that there is only one such ex-
pression.

(e.g 33=21+8+3+1).

A Q.827 In the diagram three circles of equal size all pass through a
point P. The triangle AABC encloses the three circles, each
side being tangential to two of them. Let I be the point inside
the triangle equidistant from the three sides, this distance

5 being r, and let O be the circumcentre of AABC, with 0A =
¢ OB = 0C = R. Prove that P lies on OI, and that % = %‘
Q.828 Let AA;B,C) be any given triangle. For n = 2,3,4,--- let AA,B,C, be the
triangle inscribed in AA,_1B,—1Cn—; such that Cp A4, 1 S TR [ B
An-1By-1,and BpCy L By—1Cp (see figure).
3 A w, (i) Show how to construct with ruler and compass the
triangle A4, B,C,.
P. fn (11) Show that there is a point P (independent of n)
which lies on the cireles having diameters 4,,_, 4,
’ B._1By,and CpeiCh.
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