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SOLUTIONS OF PROBLEMS 817 - 828

Q.817 Find all integers z,y such that =(3y — 5) = y? + 1.

ANSWER 1= =

1 5 U

y + — + —>— after a routine division of polynominals.

=5 & 'D -4

5 G R

3y —5

Since x,y are integers so is

'35‘—__5, whence 3y — 5 = +1,42, £17, or £34.

But then y is not an integer unless 3y — 5 =1, =2, —17, or 34, which yield the
solutions (z,y) = (5,2), or (—=1,1), or (=1, —4), or (5, 13).

Q.818 If a,b,c are the side lengths of a triangle, A its area, and R the radius of the

circumcircle, prove that abec = 4AR.

ANSWER Mark Siow (Kogarah Marist High School) writes: Let

ABC be any triangle of sides a, b,c. Construct the circumcir-
cle with centre O. Draw the diameter BD.

BAC = BDC (subtended by the same chord).

Since BD is a diameter, BED = 90°. Therefore

. oA BC a : a a

sin BDC = B? =35 Hence sin A = 3R and - 2R.
; a

Thus abc = 4(:?—.6\-: sin A)‘:Zsin A)

= 4x Area xR (as required).

Also solved by R.R. Rodriguez; A.E. Memorial Science H.5.

Q.819 The figure shows two ways of drawing six line segments joining the

B>
L

vertices of a convex hexagon in each a way that every pair of line
segments intersect. It 1s impossible to draw seven line segments (each
an unproduced side or diagonal of the hexagon) with this property.
Prove that in fact it is not possible to draw (n + 1) sides and/or
diagonals of a convex polygon with n vertices in such a way that

every pair intersect.

ANSWER The assertion is trivial when n = 3; and still obvious when n = 4 {any

subset of 5 of the 6 sides/diagonals of a quadrilateral must include at least one
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pair of opposite sides, which do not intersect). If the assertion is false, then there
must be a smallest number N (clearly greater than 4) such that there exists a
convex polygon with N vertices having N + 1 mutually mntersecting sides and /or
diagonals. The N + 1 line segments have 2 x (¥ + 1) ends apportioned amongst
the N vertices, so there is at least one vertex A which is an end point of 3 (or
more) of the line segments.

PS Call them AP;, AP, and AP, {see Figure). No other line

P
é :F segment can end at P, since in that case it could not intersect
A J both APy, and AP,

Now let us delete the vertex P, and the line segment AP, We are left with
a polygon of (N — 1) vertices and N sides and/or diagonals, every pair of which
intersect, This contradicts our definition of N. Hence the assertion must be true

for all n.

Q.820  Show that, for any positive integer, n, the product of all integers between n + 1
and 2n inclusive is equal to 2" times the product of all the odd numbers less than
2n,

coen{n+41)---2n
123.---n

[246:-2k--2n]
123--k---n
=135 (2n—1)]x2%x2x2---x2...9

5
ANSWER (n+1)(n+2)---(2n) = L

=[135---(2n—1)x

=2"[135---(2n—1)
Q.821  The convex quadrilateral ABCD is not cyclic, and no two sides are parallel.

How many circles can be drawn which are equidistant from all four vertices?

ANSWER Let each of 4, B, C, D lie at a distance d from the circle centre

~ = P O,radiusr.

€, The distance from any point P to the circle is the length PQ, where
@ is the point of intersection of the ray OP with the circle. Hence
if A, B,C and D are all outside (or all inside) the cirele, they all lic

Ve on the circle centre O, radius r + d (or radius r — d).

26



Since the quadrilateral A, B,C, D is not cyclic, this is impossible. Hence
the circumference of the circle must partition the vertices {4, B,C, D} into two
subsets, one set lying outside the circle, the other inside. Either there are two
vertices in cach of the subsets, or else one subset has three vertices, the other one
vertex.

Suppose A, B lie outside the circle, and C, D inside (or else vice versa). Then O
lies on the perpendicular bisectors of AB and of C'D.

Since AB is not parallel to C'D, O is determined uniquely, and
r must be taken equal to the arithmetic mean of the length
OA and OC. Similarly there is one circle equidistant from
A, B, C and D corresponding to the partition {4,C}, {B, D};
and another corresponding to the partition {4, D}, {B,C}.

Now consider the situation where A, B,C are all outside (or all inside) the
circle, and D is inside (outside). The centre O must be the circumcentre of the
triangle ABC, and the radius r must be the arithmetic mean of the lengths OA
and OD.

Similarly there is one circle corresponding to each of the par-
titions {A, B, D},{C}; {A,C,D},{B}; and {B,C, D}, {A}.
Thus there are seven different circles equidistant from 4, B, ¢

and D.

(Comment: If ABCD is not cyclic, but AB || CD the “circle” having A, B inside
and C, D outside degenerates into the straight line parallel to AB and C'D and
half way between them. Similarly if ABCD is a noncyclic parallellogram, the
seven “circles” turn into five circles and two straight lines. Finally if ABCD is

cyclic, lying on circle C, every circle concentric with C is equidistant from all the

vertices).

Q822 IHO0<zi<lfori=1,2,---nand z122- -7, =(1—2y)(1 —22)+-(1—z,) find
(with proof) the maximum possible value of P = zyz2--- za.

ANSWER Note that zx(1 —z3) = % = [% — 7 )? has a maximum value of :}’ achieved
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Since o1+ Ep =(1—21)---(1=1za),
2 2 | it 1
& E(I]"-Iﬂ:} =$1(1—$1)XI‘2(1—'$2)X“*D(ll?n“.—i'n:}‘:_11XEX-'*XE= on

]

Borter -t Ol“ with cquality only when z; = 22 = 25 = -1-

Rico Rodriguez (A.E. Memorial Sc. H.S.) had an alternative idea which I
reword as follows:
The geometric mean of the numbers @y, 22, T, (1 —z)++-(1—&,)is not greater

than their arithmetic mean.

- .
Mex [0 -o| g&pmtiemlz 2
k=1 k=1 2n L

-Pfc:i- Pr:i
. = 92n’ —211'

Clearly equality is achieved if every zx = -,1;
Q.823 P is a point inside a triangle with sides of length a,b,c. The perpendicular

i 5 ; @ c .,
distances from P to these sides are a, 3, y respectively. Prove that — + =+ —1s
a ¥

B
(a+b+¢)?
24

ANSWER Rico Rodriguez gives the following solution:-

not less than where /A is the area of the triangle.

2A =2 x (APBC + APCA+ APAB) = aa + b + ¢y
a b e _(a+b+c)
oy B BN
a+.8+1_ 240
a b ¢ 5
&(aa+bf+er)(—+=s+-)=(a+b+c)
a f 7

By Bygu® o\ T O B L
;;.ab{’g+a)+b¢{T+ﬁ]+ac(T—]—a):juﬂb-l-db(."l"zac (*)

(after removing brackets, subtracting a* + b* + ¢* from both
sides, and regrouping).

3
Since (a — 8)? 2 0, a? + 8% > 2a8 whence ab{% + :) > 2ab.
¥ (83

Similarly bc{é + EJ > 2be; and ac{g — l) = 2ae.
a « Rl



Q.824

Adding these establishes the inequality (*), and hence the equivalent incquality

which we were to prove.

Another approach:-

Let PAB =z, PBC =y, PCA = z.

Then a = BD 4+ DC = acoty + acot(C — z).

g = coty + cot(C — z). After similar elucidation of i and
— we have
T

T

E:. s E + ; = [cot z + cot(A — :-':)] + [coty + cot(B — y)]

+ [cot z + cot(C — z)].
Either using calculus, on just by elementary trigonometry it is not difficult
to show that as # varies from 0 to A the minimum value of cot z + cot(A — z)
occurs when z = -{;—— Thus the minimum value of E 4 —; + % is achieved when

P is the point of concurrence of the angle bisectors of the triangle. But then

a = f = v = r (the radius of the incircle).
a+b+c (at+b+c)?
T B 2A

{(m-n+1), (m—n+2), -, (m- 1),m} is a set of n consecutive positive

: b .. B :
a11dm1u[£—|——+")= since 2A =71 x (a+ b+ c).
& f@
integers with the property that m is a factor of the least common multiple of
{(m —n +1),--+,(m — 1)}. Furthermore, there is no other set of n consccutive

positive integers with the same property. Find m and n.

ANSWER Let M = Lem.f(m—-n+1),(m=n+2),---,(m=2),(m~-1)}.

When n = 2, M = m — 1, and it is impossible that m is a factor of M.

When n =3, M = (m — 1) x (m — 2) and again this is never a multiple of m.
[In fact, if m has an odd prime factor p, then the next smaller multiple of p is
m — p, o p is not a factor of either (m — 1) or (m —2). Thus M is not a multiple
of p and therefore not a multiple of m. If m has no odd prime factor, it is a power
of 2 and must be a multiple of 4. But M is not, since m — 1 is odd and (m — 2]
is the double of an odd number.]

Try n = 4. If m contains any prime factor p greater than 3, then none of
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Q.8

<2

{m = 3), (m —2),(m — 1) has the factor p. Hence M is not a multiple of p, or of
m. If 2% is o divisor of m, then (m — 1) and (m — 3) are odd, and (m — 2) is the
double of an odd number, so M is not a multiple of 4, or of m. Si milarly if 32 is
a divisor of m, M is a multiple of 3, from the factor in (m — 3). but not of 32,
hence not of 1. Since n > 4, there remains only one value of 1 to be considered;
viz, m = 2 x 3. Note that Le.m. {3,4,5} =60 = 10 x 6. Thus when n = 4, there
is only one value of m, m = 6, such that m is a factor of
Lem. {(m=n+1),--+,(m—=2),(m—1)}.
We show that (m,n) = (6,4) is the only solution by showing that for any n > 5
there are always at least two different values of m which are factors of M.
Take n = 5. If m = 6 then M = Lem. {2,3,4,5} = 60 = 10m.

Ifm =12 then M = le.m. {8,9,10,11} = 3960 = 330m.

If n 2 6 and 2° is the largest power of 2 which is less than n (so % <2 <n)
then i is a factor of M cither for m = 3 x 2¢ or for m = 5 x 2¢. (No‘i;:: that each
of these is greater than n; e.g. 3x2° > 3% 2 > n). In fact since n — 1 > 2¢, those
7 — 1 consccutive integers contain at least one number divisible by 2¢, as well as
at least one number divisible by 3, and one divisible by 5. Hence M is divisible

by 3 x 5 x 2¢. The proof is now complete.

Consider all subsets of 8 clements of the set {1,2,3,---, 17}. From each subsct
select the smallest member, Show that the arithmetic mean of the 24 310 numbers

selected is equal to 2.

ANSWER. If the least element in a subset is k, the remaining 7 elements in the subset

all lie in {k+ 1,k +2,---,17}. Hence there are '"~%C; of the subscts with least
clement equal to &, for & = 1,2,---10. Thus the arithmetic mean of the least
clements is

1
17C,

{IX]GC'."F?XHCT 5w C:-!—‘“-i-k)(”*kcfr+"‘+10TC';)

Of course, it is easy if a little tedious to caleulate the answer 2 from here. Instead

we shall simplify the expression in parentleses until the mumnerical caleulation is
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very short. Remember that the Pascal triangle property of the binomial coeffi-

cients is YCp =N-1 Cg_; +V~! Cg. Using this

1% I 43 -+ I G+ 10%T O
=1x (ITCE _1s Cﬂ)_l_zx(lﬁcs _15 CS]+3><(15€8 _ 14 Cﬁ.)
4+ 9%x(°Cs =* C3)+ 10 x (°Cy — 0)
=T Cy 4+ Cs+¥Cs+--+° Cs
=(Iacg AT Cg)+(”09 _ 16 Cg)+I:ng _15 Cg}+"'+(909—ﬂ]

=18 Cg.

18 I 8191

Therefore the average requi;::d is 1732 - ;-!39-! 31$I
=—=2.
9
(In fact if 17 is replaced by n in this question and 8 is replaced by r, the above
n+1

working produces the answer for the average of the least members —n%-ﬂ =
n+ 1) i
r4+17

Correct solution from M. Siow (Kogarah Marist High School).

Q.826 The Fibonacci numbers are {1,2,3,5,8,13,21, -} where each number after the
second is the sum of the previous two.
(i) Prove that every positive integer can be expressed as a sum of (one or more)
distinct Fibonacci numbers.
(For example 21 can be so expressed in four different ways:- 21 = 21; 21 =
1348, 21=13+5+3; 21=13+5+2+1).
(i) Find, with proof, all positive integers such that there is only one such ex-
pression.

(eg. 33=214+84+3+1).

ANSWER. 1 shall denote the kth number in the given list by Fi,k = 1,2,---. Further-
more I shall use F as an abbreviation of “Fibonacci number”.
(i) The assertion is easily checked for small positive integers. Suppose there are

positive integers which cannot be expressed as the sum of distinct Fs, and
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let & be the smallest of them. For some n, F,_, < z < F,,. Let y=x—F,_;.
Then 0 < y £ F, — F_y = F,,_;. Since y is a positive integer less than =z, it
is expressible as the sum of distinet Fs, and since it does not exceed Fy—s;
none of the Fs used can be equal to F,,_;. Hence 2 = y + F,,_; can also be
expressed as the sum of distinct Fs. But this contradicts our definition of .
We conclude that there cannot exist any positive integer not expressible in

the stated form.
(i1)) We prove two preliminary results.

PR.1 ) Fi=Fnys—2forn=1,23,
k=1
[Proof by mathematical induction. It is true when n = 1 since Fy =

m
1 = F3 — 2. Assuming it is true when n = m, (i.e. ZF" = Fing2 — 2),

k=1
m+1

consider  _ Fj.

k=1
This is (Frn42 — 2) + Fiup1 = Finsa — 2. Thus the assertion is still true

for n = m + 1. Hence it is true for all natural numbers n.]

PR.2 Every positive whole number not exceeding F, 4, — 2 is expressible as a
sum of distinet Fs selected from {Fy, Fp,---, F,}.
Proof. This can be checked for small numbers n. Suppose the assertion
is false. Then there is a smallest number N, and a whole number z
not exceeding Fy 42 — 2 which is not expressible as the sum of a subset
of {Fy,Fy,--+,Fn}. Obviously z must be greater than Fy (because of
(i)). Let y=2 — Fy. Theny € Fiyps —2— Fy = Fyyy —2.
By our definition of N, y is expressible as the sum of distinct Fs selected
from {Fy, Fy,-++,Fn_1}. Hence z = Fiy +  1s expressible as the sum of
distinct Fs chosen from {Fy, F3, -+, Fy} contradicting the definition of

2. Thus the assertion cannot be false.

We are now ready to answer the question asked.

We claim that a positive whole number z has a unique decomposition into dis-
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tinct Fs if and only if z + 1 is a F. Check this for small values of z.

Proof IF. Let 2 = F,;, — 1. Because of PR.1, z is too large to be expressed
as the sum of distinct Fs not exceeding F,. Hence F, 41 must occur in any such
expression for z. But then z — Fy1 = Fay2 —1— Fyq = F =1 which is one less
than a smaller F. Repeating the process we see that the only such representation
of Fppg — 138 Fay1 + Fno1 + Fn—g +--- + Fi where k is 2 or 1 according as n is
odd or even.

ONLY IF. We need to show that if Fj4; <z £ Fr42 — 2 there are at least two
different representations of z in the stated form. This is obvious if Fq1 = = (viz.
z = Fpy1 = Fp + Fu—1). If Fyy1 < z, then there is at least one representation of
 using Fn41 as one of the terms, since z(= & — Fp41) is less than F;, and by (1)
is expressible as the sum of distinct Fs. By PR.2 there is a second representation

not using F4+1 as one of the terms. This completes the proof.

Q.827 In the diagram three circles of equal size all pass through a
point P. The triangle AABC encloses the three circles, each
side being tangential to two of them. Let I be the point inside
the triangle equidistant from the three sides, this distance
being r, and let O be the circumcentre of AABC, wgl; DA;

OB = OC = R. Prove that P lies on OI, and that BT

ANSWER Label the centres of the three equal circles Ay, By,C) (see figure 1), and
denote the length of their radii by d. We make the following observations.

(i) Since the perpendicular distances of A; from

AB and from AC are each equal to d, AA; is the bi-

sector of A. Similarly BB; and CC, are bisectors of B

and 5, so A4,, BB;, and CC, produced are concur-

. rent at the incentre, I.

(i) Since A, and C, are equidistant from AC, we have
A, C, || AC.
Similarly 4:B; || AB, and B;C; || BC. Hence the
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Q.828

A Ay B, C) is similar to AABC, and they have the same

incentre I, since AA4; produced is easily proved to bi-

sect ‘El-
Let the magnification factor L be denoted by A. If IXY is
A B] JTA]_
perpendicular to A} B; and AR, then since AAYT = AAXT
A Y
A=-—i——-{'— < (see figure 2) (%)

A XTI r—-4d
(iii) Since A;P = ByP = C,P = d, P is the circumcentre of AA, B, Cy.Let Z

be the point on IP produced with i‘g = A. Then AIB, P = AIBZ (check thus)

BP IB il
and T A i ¥ whence BZ = ABy P = Ad. Similarly CZ = M and AZ —

Ad. . Z coincides with O, the circumcentre of AABC,and R=0A =24 = \d.

From (*), Ar—ldzr:}-lr—Rz?*:r}u:ﬁ'—R
. OP 0OI-PI OI r+R r R
Fln&li}' Pf— P ﬁ-—l A] == 7 _;_T"

Thus everything has been proved.

Let AA; B, Cy be any given triangle. For n = 2,3,4,--- let AA4,B,C, be the
triangle inscribed in AA,_1B,_1C,_; such that Chill b Cpangl g8
An-1Bn—1, and B,C;, L B,_,C,_; (see figure),

(i) Show how to construct with ruler and compass the
triangle AA; B3 C,.

(ii) Show that there is a point P (independent of n)
which lies on the circles having diameters An_1A,,
By By 80l O

C’ Cﬁn-i
" ANSWER (i) Let X be any point on 4,C, .

Construct XZ 1L A,C4 intersecting B,C, at Z. Con-
struct at Z a line perpendicular to B, C}, and through
X a line perpendicular to 4, B;. Let these lines inter-
sect at Y. Let C1Y (produced if necessary) intersect
AyB, at By. Construct By A, perpendicular to A B,

intersecting A,C) at A,, and B,C, perpendicular to

C ;
B' = 1&@ 1 B, () intersecting B,y at Cs.
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Proof. It only remains to prove that C2 A2 L A:C5.

Since Cud CB
1432 = 1452
CIC'I o
=% (since BoCy | Y Z)
S C42 || 2X
SChA, 1A G,

(ii) We shall denote the angles of AARBLCy by .:ig, Bi, &

Since Ap_1AnBy is complementary to both A, and
A, A,_, =4, Similadly B,_, = B,and €., = G,
50 AAp—1Bn-1Cn-1 = DA B,Cl.

Let the circles on diameters 4,14, and B,,_ B, in-
tersect at P, (as well as at B,). Since Ap_1BnPrdn
and B,_1CnP,B, are both cyclic quadrilaterals

£ig 2 Coet BnPoAs =180° — A,y and CoPoB, =180° — Bo-s.
Hence C, B, A, = 360° — (180° — A,_1) — (180° — Bpoy) = Aney + Bnoy =
180° =Gy, . CnCro1 Ay Py is also a cyclic quadrilateral, and since CpApCo—1 =
90°, CnCp-1 is a diameter.
All that remains to be shown is that P, is independent of n. Note that
P,A,C, = PoAy_1Ca_1 (both complementaryto PnAnAn_
= P,B,.A, (from cyclic quadrilateral P,ApA,—1By)
= Pnﬁn_lfl,._l {both complementary to PnﬁnB“_l)
= P,C.B, = P.Cn_1Bn_1 (similar reasons)
(These angles are labelled « in fig.2)
It is evident that the size of these angles is determined by the shape of Al 1BaeiCn-

(In fact, one expression for a is

sin® A,_1 + cos Ap—y sin By sin Cr—g

cota = ;

sinj,,_l sin §“_1 gt Cn_1
but we shall omit its derivation since the actual formula is not essential for the

argument).
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Now when AAp4+1B,41Chqq is obtained from HALH.CL,
identical working to the preceding shows that circles on
diameters 4, A, 1, B,B,41, and CnCry1 are concur-

rent at a point P, 4, such that the angles Pn+1§nCn, Prsi 5,.1'

Poi1BLA, are all equal. Furthermore since A4, B, C,
is the same shape as AA,_; B, _;Cy,_1, those equal an-
gles are all equal to o (see fig.3). Comparing this with

fig.2 it is now plain that P,y is the same point as P,.

Thus all the points P,, n = 1,2, coincide.

This completes the proof.

(Calling this point P, the operation of obtaining A4, B,C, from AA, _1B,,_1C,_;
can be described as a rotation about the point P through one right angle fol-
lowed by a reduction of lengths by the factor A = tana. To see this note that

AT PA
DA, PC,_, = AA,PC, and d A= Lok S L
1 1 C, and deduce o T PA._

= tan a, etc.)

Late Solutions:

We received good solutions of Q805, Q808 and Q815 from Rico R. Rodriguez
(Arturo Eustoquio Memorial H.S. Philippines) too late for acknowledgement
in Volume 26, No.3.

“Copyright School of Mathematics University of N.S.W. - Articles from
Parabola may be copied for educational purposes provided the source is

acknowledged.”
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