Parabola Volume 33, Issue 1 (1997)

CURVE SKETCHING - WITH A DIFFERENCE

Rodney James

When you began to sketch curves early in high school, you evaluated the “y-value” for
several “z-values”, plotted the resulting points and then joined them up as smoothly
as you could. The second half of this process is actually very close to what a scientist
does with an experiment: given a set of readings v, v, - - - v, for an apparatus with
settings x4, za, - - - T,,, find the function y = f(z) whose graph passes through the points
(x1,y1), (x2,Y2), -, (n, yn). For example suppose we know that the points (z, y) lie on
the graph of some polynomial where

r = -3 -2 -1 01 2 3
y = 24 16 10 6 4 4 6

How do we find the equation of this graph?
Questions like this can be answered using an idea introduced by Peter Brown in his
Finite Calculus article on page 7. Suppose the polynomial we are looking for is

f(2) = apz™ 4+ ap_12" ' + -+ a1z + ag (1)

where we do not know the coefficients ag, ai, - - - a, — or even the degree n. As Peter
Brown did, we will introduce the difference of a function Af(z) = f(x + 1) — f(x) and
the falling factorial polynomial:

e =z(x—1)---(x—r+1)
where Az = r2("=). The polynomial (1) can be re-written as
f(x) = byx™ + b, 12D 4. 4 b2 4 b (1)
Thus Af(z) = b, Az™ 4+ b, 1 AzY 4o+ by Ar® + b AgD
= bz Y 4+ (n— b1 4o £ by + by,

Now this difference can be applied again where, just as you learned to write the second
2

derivative as d—‘z, so we will write the second difference as
T

A’ f(z) = AAf(z) = nn — Dbz ™2 + (n— 1) (n — 2)bp_12™™ 4 - 4+ 2b,.



Similarly, writing A3 f(z) for A(A(Af(z))) etc, we have

A3f(l‘) = nn—1)(n-— Z)bnx("%) +(n—1)(n—-2)(n- 3)?)”_11:("74) S
A"f(x) = n!xb,
An—i—lf(x) — 0.
This gives the rule:

The degree of the polynomial f(x) is the smallest number n where A" f(z) = 0.
If we apply A, A?,- -+ to our data, we get

r = -3 -2 -1 0 1 2 3
flx) = 24 16 10 6 4 4 6
Ay - Af(a:) = 8 6 -4 -2 0 2
A2y = A2f(z) = 2 2 2 2 2

So, since A%y is obviously 0, f(z) is a quadratic, and so

f(CC) = bgl'(z) + blill'(l) + bo
Af(x) = 2bx™® + by
A2f(l') = 2b2

From the table, we see that A%y = 2 and so, from this last equation, b, = 1. Now if we
substitute x = 0 into the second last equation, we get

by = Af(0)=—-2 (from the table)

similarly, bp = f(0)=6
SO flz) = z(x—1)—2x+6
= 22 -31+6
Example 2: Consider the data
T = -3 -2 -1 0 1 2 3
Y = 60 10 4 6 4 10 60
Ay = —50 —6 2 —2 6 50
AQy = 44 8 —4 8 44
Ady = 36 —12 12 36
Aty = 24 24 24

So the points (z,y) lie on a curve which represents a polynomial f(x) of degree 4 :

(x) by —i— byz® —i— box?) + blx(l) + by

() = 4bsz® 4 3bgz® + 20571 + by
A?f(z) = 12b,2® + 6bgzV + 2b,

(z) 24byz) + 6by

(r) = 24b,



From the table,

24by = A%y(0) = 24 andso by =1
6bs = A3y(0) = 36 andso b3 =26
20, = A?y(0) = 8 andso by =4
by = Ay(0) = -2
SO y = 2W +62% +42® 2246
= z(z—1)(z—-2)(x—3)+6x(z—1)(z—2)+4z(x—1)—2x+6
= 2 -32 +6
Example 3: Consider the readings:
r = 0 1 2 3 4 5
y = 4 12 36 108 324 972
Ay = 8 24 72 216 648

A%y = 16 48 144 432

This is not looking very hopeful! However notice that each of the difference lines is
just twice the line above, e.g. Ay = 2y.

Now, looking at the table of differences in Peter Brown’s article, we see that, if
y = f(xz) where f(x) = Aa”, then

Ay =A(Aa") =A(a—1)a® = (a— 1)y

which is the result we found (with a = 3). So

y=Ax3"
where
A= f(0) =4.
Here are some for you to try:
1. z= -3 -2 -1 0 1 2 3
Yy = 0 0 0 6 24 60 120
2. x= -3 —2 -1 0 1 2 3

y= 408429 20.0855 2.71828 1 1 2.71828 20.0855

[Hint: First find the values of In(y).]

SAFETY FIRST

Replace the letters in the following by different non-zero digits to give a correct sum:
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Answers are in the solutions section



