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Solutions to Problems 1291-1300

Q1291 Show that there do not exist three primes z, y and = satisfying

x? +y3 =24

ANS: (Correct solution by J.C. Barton, Victoria)

Assume that such primes exist. First we note that either one and only one of z, y
and z is even, or all three are even, because otherwise one side is even whereas the
other side is odd. The only even prime being 2, the case that =, y and z are all even
is not possible, because otherwise 2% + 2* = 2*; contradiction. There remain 3 cases to
consider.

Case 1: only z = 2. Then 2? + y* = 16, implying 0 < y* < 16. This in turn yields
y = 2; contradiction!

Case 2: only y = 2. Then (2% + z)(2* — z) = 8, resulting in
P4+r=4 and 2*—x=2,

or

P24+2x=8 and P —-z=1,

implying 2% = 3, or 2? = 9/2; contradiction!
Case 3: only x = 2. Then y* = (2* + 2)(2* — 2). Since y is a prime, y* has 4 divisors 1,
y, y* and 33, and we have either
2 —2=y and 2*+2=17%
or
2 —-2=1 and 2*+2=1y"

The first possibility results in y* — y = 4 and the second results in y* — 1 = 4. Both cases
lead to a contradiction.

Therefore, there do not exist primes satisfying the given equation.

Q1292 Prove that for all a, b, ¢, and d satisfying 0 < a,b, ¢, d < 1, there holds

a b c d

b+c+d+1+c+d+a+1+d+a+b+1+a+b+c+1
+(1—a)(1=b)(1—-c)(1—-d) <1

ANS: Without loss of generality we can assume that

0<a<b<c<d<l1

1



. First note that by Cauchy’s inequality there holds

(a+b+c+1)(1—a)(l—=0)(1—-c)
(m+b+c+n+wl—@4%1—®+%1—@)4

4
so that .
_ _ < - -
(1-a1-b1-0< —F—
or
I-a)l-h1-ol-d<—"0
¢ ¢ “a+b+c+1

Now consider the left-hand side of the inequality to be proved. Noting that a,b,c < d
we have

b c d
LHS <
- a—i—b—l—c—i—l+a+b+c+1+a+b+c+1+a+b+c+1

+(1—a)(1—=0b)(1—c)(1—d)

<a+b+6+d 1—d
“a+bd+ec+l at+bdc+1
=1=RHS.

Q1293 Suppose that v = cot(n/8) and v = cosec(w/8). Prove that u satisfies a quadratic
and v a quartic equation with integral coefficients and with leading coefficients 1.

ANS: (Correct solution by J.C. Barton, Victoria)

Using the double-angle formula for tan 2z we have

T 2tan%
l=tan— = ————,
4 1 — tan g
so that
2/u
1—1/u2 7
or 9
U
=1
u? —1 ’

implying u? — 2u — 1 = 0. Meanwhile, the double-angle formula for sin 2z gives

1 LT LT T
—— =gsin — = 2sin — cos —,

V2 4 3 8

so that, by squaring both sides and using cos® z = 1 — sin? z,

TR

V2 v



Multiplying both sides by 2v* gives
8(v? — 1) = v*,
or vt — 8v? + 8 = 0.

Q1294 Leta and bbe two sides of a triangle, and - and 3 be two angles opposite these
sides, respectively. Prove that
a+b  tan %’

a—b_tan#'

ANS: (Correct solution by J.C. Barton, Victoria)

By using the law of sines
a b

sina sinf

2R

where R is the radius of the circumscribed circle, we have

a+b 2R(sina+sinfB) sina+sing
a—b 2R(sina—sinf) sina —sin3’

By using the addition formulas for sin(z + y) and cos(z + y) we can prove that

sina—l—sinﬁ:QSina;ﬁcosagﬂ
sina—sinﬁ:QCosa;ﬁsinagﬂ.

Therefore,
a+b sin2fs COSaTiﬁ tan &2

2 2
atf a—f a—f"
2

sin == tan —+

a—b cos : >

Q1295 Assume that the following information about a triangle is known: the radius
R of the circumscribed circle, the length ¢ of one side, and the ratio a/b of the lengths
of the other two sides. Determine all three sides and angles of this triangle.

ANS: First note that ¢ < 2R. Let o, $ and ~ be the angles opposite sides a, b and ¢,
respectively. Then by using the law of sines we have

C

ﬁ.

siny =
If ¢ < 2R, there are two possible values for 7. If ¢ = 2R we have v = /2.
Having found v we obtain (« + 3)/2 by

a+p  180° —~
2 2




It follows from Q1294 that

tana—ﬁ_a—btana—i-ﬁ_(a/b)—ltana—i—ﬁ
2 a+b 2 (a/b)+1 2

so that O‘T*ﬁ is determined. Hence e and (3 can be obtained from

a+pf a—p a+pf a—p
o= t—p ad f=— 2
Finally, the law of sines gives
a:c§1na and b:CS'IHﬁ‘
s 7y S 7y

Q1296 (Suggested by Dr. Panagiote Ligouras, Leonardo da Vinci High School, Noci,
Bari, Italy)

Let a, b and c be the sides, and m,, m; and m. be the medians of a triangle ABC.
Prove that

1 1 1
m2 = Z(2b2 +2¢% —a?), mjp= 1(202 +2a* - b)), m?= Z(QCLQ + 20 — &2).

ANS: (Correct solution by J.C. Barton, Victoria)

Let M be the midpoint of BC'. Then by using the cosine rule for two triangles AMC
and AM B we obtain

1

b* =m?2 + ZaQ — amg cos LZAMC
1
> =m2 + 1&2 —amgcos LZAMB.

Since cos ZAM B = — cos ZAMC, by adding the above equations we obtain the desired
formula for m,. Similar arguments hold for m, and m..

Q1297 (Suggested by Dr. Panagiote Ligouras, Leonardo da Vinci High School, Noci,
Bari, Italy)

Let a, b and c be the sides, and m,, m; and m. be the medians of a triangle ABC.
Prove or disprove that

27(a*b + b%c + c*a)(ab® + be® + ca®) < 64(mt +my +mb)(m?2 +mi +m?).
ANS: First we note from Q1296 that

3 9
mZ +my +m? = Z(&Q + b2 +c*) and mi+mi+mi= E(a4 +bvt ). (0.1)



Now by using the Cauchy-Schwarz inequality we have

a’b+ e+ Fa < Vat + b+ A VD + 2+ a2, (0.2)

and

ab® + b + ca® < Va2 + b2 + 2 Vbt + ct + at. (0.3)
Combining (0.1)-(0.3) we obtain
(a®b + b?c + c*a)(ab® + bc® + ca®) < (a* + b + M) (a® + 0> + &)
16

4
= 5 (Ma+my +me) (mg +mi +me),

yielding the desired inequality.
Q1298 Find all functions f : R — R satisfying
fla+b)+ f(b+¢c)+ f(c+a) >3f(a+2b+3c) foralla,b,ceR.

ANS: Consider an arbitrary # € R and put a = x and b = ¢ = 0 in the given inequality.
Then 2f(z) + f(0) > 3f(x), implying f(z) < f(0). Puta = b = z/2 and ¢ = —z/2. Then
f(x) +2f(0) > 3f(0), implying f(z) > f(0). Hence f(z) = f(0) forallz € R,i.e. fisa
constant function. Obviously, any constant function satisfies the given inequality.

Editor’s note: Here we have shown that if f satisfies the given inequality then f is
constant. This means we have found ALL functions f.

Q1299 Let f be a function satisfying each of the following
1. For all real numbers z and y, there holds
[l +y)+ [z —y) =2f(2)f(y). (0.4)
2. There exists a real number a such that f(a) = —1.

Prove that f is periodic.
ANS: (Correct solution by J.C. Barton, Victoria)
By putting « = a and y = 0 in (0.4) we deduce f(0) = 1. By letting x = y = a/2 in
(0.4) we deduce
a 2
flay+1=2(f(3) .
implying f(a/2) = 0. Hence, for any z € R,

flo+3)+f(e = 3) =2/ @)f(a/2) = 0,

so that

f(x+%) :—f(x—%) forall z € R.

Using this identity twice yields
flx+2a)=—f(r+a)= f(zr) forallz eR.

Therefore, f is periodic with period 2a.



Q1300 Find all polynomials p(x) satisfying

(x —16)p(2z) = 16(x — 1)p(x) forall z € R. (0.5)

ANS: (Correct solution by J.C. Barton, Victoria)

Let p(z) = apz™ + ap—12™ ' + -+ - 4+ a1 + ag where a,, # 0. By equating the leading
terms on both sides of (0.5) we obtain 2"a,, = 16a,. Since a,, # 0 it follows that n = 4.
Hence p(z) = ayz* + a3z® + agz? + a1 + ao. There are two ways to find p.

Method 1: By substituting p(z) = asx* +a32® + ax2® + a1 2+ ap into (0.5) and equating
the coefficients we obtain the following relations in the coefficients

8as — 256a4 = 16a3 — 16a4
4ays — 128a3 = 16ay — 16as
2a; — 64a9 = 16a; — 16as
ap — 32a1 = 16ag — 16a;.

Let ap = t be an arbitrary real number. Then

15 35 15 15
LT 760 2T 18 BT TE M T 14336

These coefficients define all possible polynomials

15 15 35 , 15
_ 4_ 203 99 2 19y
ple) (14336"” st Tt Tt T )

where ¢ is any real number.

Method 2: By substituting successively + = 1 and = = 16 into (0.5) we have p(2) =0
and p(16) = 0. Next substituting = = 2 gives p(4) = 0. Finally, substituting = = 4 gives
p(8) = 0. Therefore

p(x) = a(x — 2)(x — 4)(z — 8)(x — 16),

where a is any real number.



