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SEQUENCES GENERATED BY POLYNOMIALS
M. Reynolds*

Consider the quadratic x2+x+1. By substituting x=1,2,3,... we can form a
sequence

X 4+ x4 1:37132130 ...

If we were presented with the sequence 3,7,13,21,31, ... it would not, however, be
obvious what the polynomial was that generated it. Indeed we could not assume that it
was generated by a polynomial at all. | have recently discovered a method by which this
problem can be resolved.

Let us consider the differences between successive terms in the sequence.

EhxFls 8 T-13 20 3 ..
1st diff. : 4 6 8 10
2nd diff, : 2. 3.

Note that the 1st differences form an A.P. which is generated by (2x +2), a polynomial
of degree 1. Note also, that the 2nd differences are given by (2), a polynomial of degree
0. Why the polynomial (2x +2) gives the 1st differences and (2) gives the 2nd dif-
ferences is not altogether clear. Let us consider some more polynomials,

2x2 +x+2: 5 12 23 38 ... I +2x+1: 6 17 34 57 .
dx + 3: 7 11 156 6x + 5: 11 17 23
4 4 4 6 : 6 6

It is apparent that the coefficient of x2 affects the coefficient of x in the 1st differences
and that the coefficients of x? and x both affect the constant in the 1st differences. A
reasonable hypothesis for a general quadratic and its differences would be:

Quadratic :  a,x2 + a;x + a,
st diff. :  2a,x + (a, + a;)

2nd diff. :  2a,
This is easily proved :
Let  P{x) = a,x®> + a;x + a5 = be the polynomial
and let P*{x) = b,x + b, be its difference.

Now P{2) - P(1) = P*(1).
S lda, + 2a, + ay) — (@, + a; + a) = b, + b,
332 + 81 = b1 + bn. 7 (])

*Michael was in year 12 at Marist Brothers’, Pagewood when he wrote this article, and
is now a student at UN.S.W. ;



Now P(3)-P(2) = P*{2),
o (9a, + 3a; + ay) - (4a, + 2a, + ao) = 2b, + Db,
. ba, + a; = 2b, + b,. {2)

Solving (1} and (2) simultaneously gives by = 2a,and b, = a, and the proof is
complete.

It is possible to extend this idea of finding the polynomial which generates the 1st dif-
ferences to polynomials of higher degree and in doing so an interesting relationship is
discovered. The coefficients of the differences are dependent on Pascal's Triangie. For a
polynomial of degree 3:

Plx) = a;x® + a,x® + a;x + a,

P*(x) = 3a;x* + (3a, -+ 2a,)x + {a; + a, + a,)
For a paolynomial of degree 4;

Plx) = a,x¢ + a3 + ax? + ax + a,

P*(x) = da,x® + (Ba, + 3ax® + (4a, + 38; + 2a,x + (a, + a; + a, + a,}

For a polynomial of degree 5:
P(x) = ;x5 + a,x4 + a,x® + ax® + ax + a,
P*(x) j= Bagx® + (108 + dax® + {10as + 6a, + 3a,ixz
+1Ba; + 4a, + 3a; + 2a,x + (a, + 8, + 8; + @, + a,)
And generaily for a polynomial of degree n:

Pix) P*{x}

aq {a;+az+aa+a4+65+aﬁ‘i‘a7+...""an}

+ a,x + x{2a, + 3a; + 4a, + ba; + 6ag + 7a, + ... + na,}
+ ax2 + x2{3a, + 6a, + 10a; + 158, + 21a; + ...}

+ 8,8 + x%{4a, + 10a, + 20a, + 35a, + b

+ axe + x*{Ba; + 16a; + 35a, + .

+ agxs + x5{6ag + 218, + ...}

+ 86)(6 + Xe{7a7 + LY 0}

+ +

Fa,_ gt + x-4{(n—-3a,_, + !D;:_%).(_;!;%n_z r E’J:.L”%%%f‘_".:?lan_1 Jk i‘:ii‘.‘:__'?%‘f“ :”~”%}
+ 8,_gx-3 -+ x-3{(n-2a, , + M’””y}%‘:ﬂanq - Din_—gg;g_:&an}
2 4 x-2{in-1)a,_, + Mo=1lg 1

+ a,.p-1 + x0-1{na,}

+oaxe ' :

The relationship between the coefficients and Pascal’s Triangle is now evidant. By
taking strips at an angle-6f 45° the coefficient .of any power of x in P*{x) is found



1, 5 %0.10. 6 1
1 6 15 20 156 6 1
" 7 2t 3B 36 21 7 1§
X6 x5 x4 x3 x2 x1 xo

The formula for P*(x) when P(x) is a polynomial of degree n can now be stated in
terms of the coefficients of Pascal’s Triangle. | will use the familiar "C, notation, where
C, is the rth term of the nth row [the opening term of any row is the zeroth term; the
row consisting of 1 1 is considered the 1st row].

| e = nn-1n~-2)...h-{-1)
r r—1r-2) ... 3.2.1

P(x) P*{x)

ay {’Cia; + C,a, + 3Cza; + *Cqa, + ... + "C,a,}
+ ax ' + x{?C,a, + 3C,a; + *Csa, + ... + "C,_,a,}
+ ayx? + x*{%Ca; + C,a, + ... + "C,_,a,}

+ ame + x*{*Ciay + ... + "C,_,8,}

+ a,x4

+ +

+ 8,_gxn-3 + xn-{0—2Ca s + " 'Cra, , + "Cyal

+ a,_,xn-2 + xn-2{r-1C.a_ . + "C,a }

4+ B gar-i + xr-1{"C,a,}

+ X

With this information we may now return to our original problem of finding the
polynomial which generates a particular sequence. Let us consider the sequence 4, 31,
130, 373, 866, 1699 ... and attempt to find the polynomial which generates it. We will
use our knowledge of differences to aid us.

We begin by taking successive differences of the polynomial sequence until a
sequence of degree 0 is reached. This will telf us what the degree of the polynomial is.
Note that the condition for a sequence being generated by a polynomial of degree n is
that its nith differences are constant. -



P(x): 4 31 130 373 85 1699 . ..

P*{x): 27 99 243 483 843
P**{x): 72 144 240 360
PA**{x): 72 96 120
P****(x): 24 24

S PEEX) = 24x + (.
When x = 1, P***(x) = 72 so C, = 48,
S P¥EE) = 24x + 48,

Remembering that a,x? + a,x + 8 has st diff. 2a,x + (a, + a,), we see that
P**(x) = 12x2 + 36x + C, :
= 12x2 + 36x + 24, since P**(1) = 72. |
Remembering that a,x® + a,x* + a,x + a, has 1st diff.
3a;¢® + (3d; + 2a,)x + {a; + a, + a,), we see that
P*x) = 43 + 122 + 8x + C,
= 4x® + 12x% + 8x + 3, since P*{x) = 27.
Remembering that a,x¢ + agx® + a,x* + a,x + a, has 1st diff.
4a,x* + (6a, + 3a,)x + (4a, + 3a; + 2a,)x + (@, + a; + a, + a,),
P{x) XF + 2% - x2 + x + C,
Xt 4+ 2 — x2 + x + 1, since P(1) = 4.

o

Sox4 4+ 2x3 — x2 4 x + 1 generates the sequence 4, 31, 130, 373, 856, 1699, . ..

This method may seem rather tedious, but in practice most of the working may be
omitted and the process is very simple. It may be summarised thus:
(1) Take successive differences until a constant sequence is obtained.
{2) By knowledge of differences, the polynomials generating successive differences

may be obtained. ‘

{3) Evaluate the constant by considering the 1st term.

While the proof of the formula for the Ist differences is relatively straight forward for
a polynomial of low degree (as was illustrated earlier for a quadratic} a proof for a
polynomial of degree n has eluded me. I would be interested to hear of any proofs
which might be suggested by others.



