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460. At a party, there are 2n people, of whom each one is acquainted with at least n others.
Prove that it is possible to seat them at a circular table so that each is seated between two ac
quaintances, ey e

461. Let pl1), p(2), ..., pln} be the first n primes. Partition these primes into two sets A and B,
50 that A consnsts of some of the pnmcs and B COHS:IS!S of all the others. Let a be the product of
the primes in A and let b be the product of the primes. in B. It is claimed that m = |a-b| is
diwtsys either 1 or a pnme Is this true? ll it is true, prove it. lf not, find the smallest n for which
the claim is false and the smaliest (,omposne number m obtainable in this way.

’462 You are g:ven five weaghtb of ldem:cai dppedmm e weughmg respecuvely 1,2, 3 4, and b
.qrarns Show how, with an accurate beam balance but no other standard weights, it is possibie to
sort out which is which in only five weighings.

463. In the preceding question, show that you cannot guarantee to identify the weights in only
Hour weighings, '

" 464. A number of circles are drawn in the plane. There are exactly 12 points in the plane which
lie on more than one circle. What is the smallest possible number of regions into which the plane
could be subdivided by these circles?

465. Let AB be a line segment whose midpoint M is marked, and let P be a point in the plape
not on AB. Show how, using no drawing instrument except a straight-edge (and a pencil), you can
construct a line through P parallel to AB.

466. Given a pomt P and three dlstdnces x, vy and z, show how. to construct an_equilateral tnanglp
ABC, u::mq only straight- edge and compass, so that P is inside the triangle and PA = x, PB = y
and PC = z.

SOLUTIONS TO.PROBLEMS FROM VOLUME 15, NUMBER 2

429, Let a be a posmve integer. Prove that the fraction (a + 23)/(3“+33’+1) is in its lowest
terms

Solution:
Apply Eucjid’s algorithm to the numbers a* + 3a2 + 1 and a® + 2a:
a* + 3a” + 1 =ala*+2a) + (a?+1)
a* + 2a = al@>+1} + a
a’+ 1 = aa + 1,
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Using the above equations in turn, we see that the common divisors of a® + 3a? | 1 and
a* + 2a are also divisors of a? + 1, then of a, and finally of 1. Hence a* + 3a? + 1 and a® 1 2a
are relatively prime and the fraction (a® + 2a)/(a4 + 3a? + 1) is in its lowest terms. iyl 2

Solutions along these lines were received from D. Everett (Kotara High School), K. Lim {St. ig-
natius’ Cbllegé), P. Rider (St. Leo’s College), S. Tolhurst (Springwood High ,School)ia___nd 0. Wright
~ (Davidson High School). | , s e kgl i Rl

J. Tually {Sydney Grammar) observed that a4 + 3a2 + 1 differs from a multiple of a by 1 and also
differs from (a2 2)(a2 + 1) by 1, whence it must be relatively prime to bgih a and az} 2 and so to
" their product a*+ 2a. : M g A 0 :
Jhcidéntélly, note that the polynomials x* 1 2x - x(x +2) and x* + 3x°_ 4 Tarq relatively
' prime, but this does not aut‘bmvaticaliy imply that their values at x = a are relati\feiy prime for every
a. For example, the polynomials x +2 and x?+ 2 are relatively prime but their values at x = 2,
namely 4 and 6, are not. '

430. Let p be a prime greater than 3. Show that p? is one more than a multiplé of 12,

Solution from S. Tolhurst (Springwood High School) and R, Wiiéon (The .King.'s ’thool).
© U pis a prime greater than 3, then it must have one of the forms 12n +1, 12045, 12n+ 7, or
12n+11, where n is a positive integer. Squaring each of these expressions gives

(120 41)* = 144n% + 24n + 1 = 1 (mod 12),
(12n 4 5)?

It

144n* + 120n + 26 = 1 {mod 12),
(12n+7P = 144n* + 168n + 49 = 1 (mod 12),
(12n +11)7 = 144n? +.264n + 121 =1 {mod 12).

Thus, when p is a prime greater than 3, we have p? = 1 {mod 12).

Correct solutions were also received from A. Buchanan (Sydney Grammar), D. Everett (Kotara
High School), K. Lim (St. Ignatius’ Coi}ege), J. Tually (Sydney Grammar), O. Wright, (Davidson High
School) and R. Youhana (North Sydney Boys’ High School). ' o

431.  Adjoin to the digits 632. .. three more digits so that the resulting six digit number is divisi-
ble by each of 7, 8 and 9. ' ‘ '

Solution: o

Since 7, 8 and 9 are relatively prime, a number that is divisiblé by 7, 8 and 9 is also divisible by
7x8x9 = 504. Now 504 x 1254 = 632016 and 504 x 1255 —. 632520 are the only multiples
of 504 between 632000 and 633000, so the only sets of 3 digits that can be adjoined to 632. .. to
form a multiple of 7, 8 and 9 are . . .016 and ...520.

Solutions along these lines were received from T. Abberton (St. Paul's College, Bellambi), D,
Everett {Kotara High School), A. Jenkins (North Sydney Boys’rHigh School), K. Lim (St. Ignatius’
College), J. Tually {Sydney Grammar}, S.S. Wadhwa {Ashfield Boys’ High School), R. Wilson {The

King's School), O. Wright (Davidson High School) and R. Youhana (North Sydney Boys’ High
School).
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432. Find all three digit numbers which are equal to the sum of the tactorials of their digits.

Solution:

The 3-digit number cannot contain a digit equal 10 7, 8 or 9 because 71, 8! and 9! have more
than 3 digits. Neither can 6 be included because 6! - 720 and our number cannot contain a digit
greater than or equal 10 7. Thus only the digits 0 10 5 inclusive can be used. The greatest possible
“factorial sum” for the 3-digit number is therefore 51 + 5 + 5! = 360, so owr number must be
less than this. Iif the number exceeds 168, it must contain two 5's, so the only possible candidates
greater than 168 are 255 and 355, neither of which has the required property. On the other hand,
our 3.digit number is at least 100, so its “factorial sum’ must be at least 100 and it must contain
at least one 5. The possible candidates remaining are

125, 135, 145, 150, 151, 152, 153 and 154,

By trial, the bn!y number with the required property is 145,

Solutions along these lines were received from D. Everen (Kotara High School), P. Rider (St.
Leo’s College), S. Tolhurst {Springwood High Schoot), J. Tually (Sydney Grammar), S$.S. Wadhwa
(Ashfield Boys' High School), R. Wilsqn {The King’s School) and O. Wright (Davidson High
School).

433. Which is larger, 100300 or 30017

Solution | from D. Everett (Kotara High School) and K. Lim (St. lgnatius” College):
In the diagram,

log (3001 = log 2 + log 3 + tlog 4 + ...+ log 300

is piven by the sum of the areas of the rectangles. The sum is approximéiely equal to but slightly
larger than the area under the curve Y = log x between x = 1 and x = 300, that is

log (3001) > ™ log x dx = Ixlogx — x™ - 14121, .
1 1

{These logarithms are all natural logarithms to the base e.)
On the other hang,

log (10029) = 300 log 100 = 13815, ...
Consequently, log (3001} > log (100390 ) and 300! > 100300



Solution I:

300! =

30405 51221644063603537046129726862?3885888041735769994167767412594765
331767168674655152?142247757334??3?14738870172636886426390775?00315422
6842927906?745598412254?6?30271954604008012215?76232176854255?65356903
50678872526432189626429936520457644883038890?753?434896254360532259807
765212708224376394491201286786753&8305713293681?43649?5&46049816645022
771650018517&54&4&93401122260347297240663332585835068701501697941&9850
353?5213755491028?12640715715483028328493795263&580]452352331569364922
2343479908 E?QO?SQ?&B?O&OQO&Q?S?B1238738388081704960000000000000000000
0000000000000000000000000000000000000000000000000000000

J. Tually (Sydney Grammar) found 3 efficient ways of using his calculator to settle this problem.

434. Show that if N is taken sufficiently large, the sum 1 +27 43 44 4 4N is larger than

100. (See the articles on “Bricks that almost topple’ in Parabola, Volume 14, Number 3 and
Volume 15, Number 2.) : . -

Solution |;

Let SIN) = 1 + 2+ 4 3 + 4 4 4N The reciprocals of the 1-digit numbers (in base
10} all exceed 1/10 and there are 9 of them, so they contribute more than 9/10 to S(N). The
reciprocals of the 2-digit numbers all exceed 1/100 and there are 90 of them, so they also con-
tribute more than 9/10. And so on. Let us take N = 10112, Then we can apply our.argument 112
times and it follows that ${10112) > 112 x 9/10 > 100.
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In fact, we can make S(N) as large as we please by taking N to be sufficiently large, that is, the
harmonic series is divergent. This argument can be traced back to Nicole Oresme in about 1350,

J. Tually observed that the sum of the reciprocals 1/n for n in the range 108 < n < 10«
Quickly stabilises at just over 2.3. This means that if we take N - 10%4, then SIN) > 100. (For a
further analysis, see Solution i)

Solution N:

We may argue by contradiction, as follows. Suppose the harmonic series is convergent and call
its sum S, Then

S=142% $+ 37 44" 4., =42V} 4 {3V 4$45) 4 B +6') + ...

> 22 + 240 v 267 + .
=1 4+ 2V 93V 4., = G

dn obvious contradiction. Thus the harmonic series is divergent and we can make its partial sum
SIN) as large as we like by taking sufficiently many terms.

Solution Hi:;
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From the diagram, the area under the curve y = 1/x from x = 1 to x = N is greater than
27 4+ 3% +...+N, which is the sum of the areas of the rectangles drawn in solid lines, and

the difference between these two areas increases with N. Thus
vIN) = tlog N — SIN) + 1 = [Mx dx ~ 2 + 31 4. +N")
¥ ] { 4
increases with N. (All our logarithms are natural logarithms to the base e.) Moreover, the area

under the curve y = 1t/x fromx = 1tox = Nislessthan 1 + 21 + . .+ (N—1)1 , which is
the sum of the areas of the rectangles drawn in dashed lines, so v(N) < 1. It follows from all this
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" we take N sufficiently large, then SIN) will be approximately log N+ y and log N will b large; so
we can make S(N) as farge as we please. To see how large we need to take N in: order to make
SIN) larger than 100, we need to know how quickly SIN) — log N approaches its limit v. From the
discussion on bricks that almost to;;‘ple in Parébola, Volume 15, Number 2,

SINI = tog N ¥y + 12N - iy
where 0 < ¢(N) <.1I12N“, S0 we have : 5
SIN) > log N+~ 2100

iflog N > 100, thatis N > g0, o 1.5 x 1013, As you can see, this argument actually gives

the exact number of terms required 1o make S(N) exceed 100, _ ) '_ .
Correct solutions were received from D. Everett (Kotara 'Hig_l'y.SchooU, K. Lim ‘(St. Ighagigs’ Cot

lege), R. Wilson (The King's School) and R. Youhana (North Sydney Boys’ High School).

435. Show how to cut a Square piece of paper into acute-angled triangles, +

Solution from K. Svendsen (Busby High School):. :
Consider the following diagram: '

There are many possible solutions to this problem.
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,‘38 Prove that every positive integer can be wrltten as the sum of distinct Fibonacci numbers.
fhe Fnbonacm numbers F. are defined by Fy =1,F = 2and Fn = Faar + Faa forn > 2).

Solution: .
omcey ~-1 = (v«t My —1) = 3.2%, we can write
I yj;1'"32",yh1"2"

«there a + b = x. Now the dnffe:ence between the two factors is 2 S0 2 = 203 - 2b9),
cshence 2° = 1 or 2. _

First case. Suppose 2° = 1. Thena = 0,3 — 2" = 2and consequently b = 0.
Trws x = 0 + 0 and y?* = 4. n , '

Second case. Suppose 2° =2 Thena = 1,3 - 2" @ = 31 and consequently b = 2 or 3.
Twsx =3, y2 = 25, 0rx = 4,y” = 49 ' )

The solutions are therefore (x,y) = (0,12), (3,4 5) and (4, 1 7).
A correct solution was received from J. Tually (Sydney Grammar).

437. Two hundred points are distributed in space so that no three are collinear and no four are
¢ oplanar. Prove that it is possible to draw 10,000 line segments joining them without completing a
vngle triangle.

Solution from K. Svendsen (Busby High Schoollk:

Select any 100 points and call this collection P. Let Q be the collemon conqrstmq of thp remain-
ing 100 points. Now join each of the 100 points of P by a line segment to each of the 100 points
of Q. Since no three of the points are collinear, thls gwes 10000 line segmems Since none of
these line segments joins any two points of P nor dny two points of Q, we can only form a triangle
by using segments whose end points include at least two points of P and at least two points of Q.
But this is impossible because no four of the points are coplanar.

g/

436. Find ali solutions in non-negative integers x,y of the equation 3.2+ 1 = yZ

T

Solution: )
We shall use induction. Clearly, 1 has the required property since 1 = F(1}. Assume that the
numbers 1,2,... k-1 can each be expressed as a sum of distinct Fibonacci numbers. We must

now show that k also.has the property. Let Fim) be the largest Fibonacci number not larger than k,
that is
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Fim) € k < Fim+1) = Fim) + Fim—1).

Then k = F(m). + t, where ¢ < Flm - 1), By the induction hypothesis, £ can be written as a sum of
distinct Fibonacci numbers, obviously all less than Fim — 1).- Hence k has the required property, and
the proof is complete. o el ' i P " A
Correct solutions were received from A. Buchanan (Sydney Grammar), D. Everett iKQtara -High
School), K. Lim (St. Ignatius’ College), K. Svendsen (Busby . High School) and R. WiiSOD (The
King's School). | : b g |

439. Given any wo people, we may classify them as friends, enemies, or strangers. Prove that at
a gathering of seventeen people, there must be either {i} three mutual friends, (i) three mutual
enemies, or {iii) three mutual strangers. & \

Solution: . ' 3

Let A be one of the 17 people and partition the remaining 16 into 3 sets: E the-enemies of A, F
the friends of A and U those who are unacquainted with A. The largest of these 3 sets must con-
tain at least 6 people. For definiteness, let us suppose that F contains 6 or more people. If any 2
members of F, say B and C, are friends, then A.B,C are 3 mutual friends. Now suppose no 2 peo-
ple in F are friends. Choose any B in F and partition the remaining 5 people in F into 2 sets: X the
enemies of B and Y those who are unacquainted with B, Either X of Y'cb‘_n‘tafhsgét least 3 people.
if itis X and any 2 people in X, say C and O, are enemies, then B,C,D are 3 mutdal enemies.
Otherwise, no 2 people in X are enemies and then all the people in X gre mutual 'strra_née"rs.‘ Similar-
Iy if Y coﬁtains 3 or more people, we obtain either 3 mutisal strangers (B and' 2 people in Y}, or 3
mutual enemies all in Y. Obviously, -ihe_sjgn;é argdment can be repeated if &ither E of U has 6
members. ' : ' . G-t
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Solutlon

Let S be the set of points flom WhiCh 11 is visible.

{il- We show first that if A'is a pomt of S, then any ray from A, that is an mhnute ‘xtrdlghl line
segment beginning at A, must meet I1 in precisely one point.

it the ray contained more than one point of I}, then the one most remote from A would not be
visible from A. If the ray contains no points of [l then A must be outside Il Now there are rays
1hr0ugh A which meet 1F in 2 or more points and some of these points are not visible from A by
the: prevnous remark. {See the diagrams, where the parts of 11 visible from A are shaded more
heavily.)

(ii) N'ow let A and B be any two points of S. W'e wait to show that the whole line segment
joining A and B lies in S. ;

The ray from B going dlrectly away from A contains just one pomt of ]I say X. By (l) X is the
only point on the ray from A going through B. In particutar, there is no point of i1 on AB.
~ Let P be any point on 1. By (i), P is the only point of I1 on the rays from A and B going through
P. Each ray BT“Iying in the angle XBP meets 11 in a unique point, Y{T) say, and as the direction of
BT sweeps out the angle from BX to BP, the points Y{T) form the portion of 11 connecting X to P.
This portion of IT must lie wholly in the shaded region in the diagram. Each ray AS lying in the
angle XAP mustintersect this portion of 11 and so, by (i), no point of Il lies in the triangle ABP.
Thus, if C is any point on AB, then P is visible from C. This holds for any point P on 11, so C is in
S. This proves that S-is convex. . : :

K. Svendsen (Busby High School) submitted a praiseworthy attempt, but unless | am misinter
preting it,.| don’t think his argument is quite complete.. ' :
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