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SOLUTIONS TO PROBLEMS FROM VOLUME 18, NUMBER 1

Q. 515. I have two different integers > 1. I inform Sam and Pam of this fact and
I tell Sam the sum of my two numbers and I tell Pam their product. The following
diaiogue then occurs:

Pam: I can't determine the numbers.

Sam:  The sum is less than 23.

Pam:  Now I know the numbers.

Sam: Now I know the numbers too.
What are the numbers?

SOLUTION:  The product P, of the two numbers must have at least two different
non-trivial factorisations P=x.y, x#y, 2 <X, 2=<y for exactly one of
which the sum of the factors is less than 23. Numbers less than 2 x 21 have no
factorisations with the sum exceeding 22, and numbers greater than 121 have no
factorisations with the sum less than 23. The possible values of P satisfying
these conditions can be found with the expenditure of a little effort, and prove to
be the following:- :

120, 117, 105;

110, 108, 104, 98, 68;

99, 75, 64;

88, 78;

66, 52;

63;

50, 44.

They have been placed in groups as follows:- If the only allowable factorisat-
ion of each of the numbers in any one group is found, the sum of the factors is the
same for all members of the group.  For example, in the first group, the only
permissible factorisations are 10 x 12; 9 x13; and 7 x 15. In each case, the
sum of the factors is 22.

The sum of factors in the other groups is 21, 20, 19, 17, 16 and 15 respectively.

Which of these sums was given to Sam?

Could it have been 227
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After Pam's declaration that she knew the numbers, Sam would have been able to
conclude that the product known to her was one of - 120, 117 and 105; but he would
not have been able to decide which. Well, it is now clear that the only possible
value of the sum given to Sam is 16, since this corresponds to the only group of
products containing just one entry, viz, 63. ' i

Thus the two numbers were 7 and 9.

Q. 516. Solve the following equation:

x =1+ 2
1+ 2
14+,
I+ 2
1 +‘%

(There are n vinculi (division Tines) in the expression on the RHS.)

SOLUTION:  The RHS simplifies to an expression of the form é%%{;%% where A,B,C,D

are positive numbers (except that D=0 if n =1). This can readily be proved
by induction: Assume the above result when there are n vinculi, and consider

a similar expression with (n+ 1) vinculi. Replace the final 1 + %- by y.
By aésumption (since only n vinculi remain) the expression is equal to

2
By+B_A(1+I)+B=LA

which is still of the desired form.
It follows that the given equation reduces to

_Ax + B

o or X+ (D-Ax-B=0,

a quadratic equation; which can have no more than two roots.

But it is trivial to check that x = 2 and x = - 1 satisfy the given equation

2

no matter how many division lines are on the RHS, since for these numbers 1 + il

Hence they are the only solutions for the given equation.
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Q. 517. let P,Q,R,S be four points on the sides of a triangle ABC such that
PQRS 1is a rectangle.  Show that the maximum area of the rectangle PQRS "is half
the area of the triangle ABC. & '
SOLUTION: In the figure, tet S divide BA
in the ratio A : 1 - A. Since AASR s
similar to AABC

BC AR 1 R
let AM be perpendicular to BC. Since Y
ABSP  is similar to ABAM
E§_=;B;§,=A f“ e
MA  BA 1 B > 1 a ¢

Area of rectangle = SR.PS
= {1 - A)BC.)AM
2x(1 - A}.area of AABC
Now A(1-2A)=%-(-2+2%) =%- (=37
<% for all XA since squares are never negative.

Area of PQRS <2.% area of AABC = % area of AABC. Equality is achieved by
taking X = L. ’ '

]

Q. 518. Find a polynomial with integer coefficients having v2 + V3 and v2 + ¥3
as roots.

SOLUTION: Let f{x) be a poiynomial with a root o, and g(x) a polynomial with
a root B. Them if h{x} = f(x)g(x), h(x) vanishes for x = a and for x = .
let o =vZ+ /3. Then (a-v/2)2 =3, fromwhich o - 1 = 2/Z a. Squaring

yields o . Zuz-+ 1 *.3?2’ se that o is a root of f(x) = xb - 10x% + 1.

let g =42+ %@55 | Th&ﬂrriﬁ * /2)3 =3, from which
| R S s
Squaring yields

6 4 3 2

B” + 128" - 6R” + 368

- 368 + 9 = 2(98% + 1282 + 4)
so that B is a root of

6

g(x) = x° - 6x4 - 6x3 + 12x2 - 36x + 1.
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An answer to the problem is thus given by

8 7 6

- 6x’ + 73x 3

5 4

f(x)g(x) = x*0 - 16x +28x7 - 125x7 + 354x° + 2x% - 36x + 1.

Q. 519. Let S be a set of real numbers containing at least one non-zero number,
and possessing the following property:

For every pair (r,s) of numbers in S (not necessarily different),

r-s -isin S, and, if s # 0, the quotient r/s is in S.
Prove that every rational number is in §.

SOLUTION: Let a # O be in §. Then a - a and a/a are in S. i.e., S contains
0 and 1. Foramy b in S, 0-b isin S, -and therefore a - (-~ b) = a + b

is in 'S.  In particular, 1 + 1 is in S, and then 1+1+1 4sin S etc;
i:e."aT] the.poéitive integers are in S and also all the negative integers.  Since
every rational number 1is:expressible as the quotient of integers with the denominatdr
not zero, the desired result has been established.

Q. 520. Let DEF be the pedal triangle of the acute angled triangle ABC (i.e.,
‘ D,E,F are thé feet of the perpendiculars from A,B,C to BC, CA, AB respectively).
‘Show. that the greatest angle of triangle DEF is at least as large as the greatest
angle of ABC. When does one have equality?

SOLUTION:  If necessary relabel the vertices of

the triangle so that |A > [B=|C. In the

figure AD, BE and CF are the altitudes of the F
triangle ABC. [ABE = 90 - |A  from the
right angled triangle AAEB. This angle is
equal to |FDO since they both stand on the
chord FO in the cyclic quadrilateral BDOF:
Similarly |ODE = [OCE = 90 - [A.  In the &
same way, the four angles marked g in the B
figure are all equal to 90 - [B» and those marked y are 90 - €.

Since 90 - |A <90 - [B <90 - [C we have o <8 <vy. The largest angle of
the pedal triangle is therefore [DFE = 2y > g + Y = |A = largest angle of |ABC.

Here we have equality if v = B, i.e. if |B=90-p8=90- Y = |C. Thus
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the 1argest angle of the pedal triangle is the same size as the largest angle of the
given triangle if and only if the smallest two angles of AABC are equal; i.e. if
AABC  1s isosceles with the equal sides forming an angle of at least 60°.

Q. 521. Find al1l pairs of integers XsY such that

x* - y3 = 1729

Prove that there are no others.

SOLUTION:  To solve x® - y3 = (x - y)(x® + xy + ¥%) = 1729 in integers, first note
that x% + Xy + yz = (x + %y)2 + %yz is never negative, so that x'—_y and -
x2 + Xy + yz must both be positivé integer factors of 1729, the first not larger
than the second. (For integers (x,y), X% 4 Xy + y2 >x - y except when

(x;y) = (1, -1).)

Since 1729 = 7 x 13 x 19 the problem reduces to solving the simultaneous
equations
X-y=aq (1)
x?+xyay? =g (2)
in integers (X;y), where {a,B)=(1, 1729), or (7, 247), or (13, 133), or (19, 91).
Eliminating x between the two equations gives 3y2 + 3oy + (az - B) = 0.
for the four sets of values of (2,8) this becomes

¥ty -s16=0

or y2 + 7y ~ 66 =0

or y2 +13y +12 =0

or y2 + 19y + 90 = 0,

The first two of these have no integer solutions. The third hasv§o1utions y=-1,

or - 12; the corresponding values of xX(=y+a=y1+ 13) are +12 and + 1
respectively.

The fourth equation has solutions y = -9 pp - 10, the corresponding values
of x being + 10, and + 9 respectively,

Hence there are exactly 4 solutions in integers of the given equation; viz

(y) = (12, - 1), or (1, - 12), or (10, - 9), or (9, - 10).
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Q. 522.  Show that there exist two constants A and B (A>B) such that, if f
is the function defined for all x # - 1/8 by

f{x) = (1 + Ax)/(1 + Bx),

then the expression f(1/(1 + 2x))/(x) is independent of x (i.e., constant wherever
it is defined). Next, consider the list (a(n)) defined by

a(0) =1, aln+1)=1/(1+ 2a(n)) for n =0,1,2, ...

By considering also the 1ist f(a(0)), f(a(1)), f(a(2)),. ... find a formula giving
the value of a(n) for every n.

SOLUTION: f(ﬁ—i—zﬁ)/f(x) (1)

sy T

R T

= (A + 1)+ 2x) (1 + Bx)

{((B+ 1]+ 2x) (1T + &)
This yields a constant function if the polynomial 1 + Ax divides exactly into
(A+1)+ 2x and 1+ Bx divides exactly into (B + 1) + 2x; i.e. if A I 1 =~%
and E—{;l-= %; Thus the expression (1) is independent of x if A and B are

24 y-2=0. Since &>B this gives A=1, B = - 2.

both roots of y
Indeed, for these values of A and B, it can be confirmed that f(i—%—ﬁid/f(x)
has the constant value - 2. (2)

Now consider the list f(a(0)), f(a(1)), f(a(2)), ... .
1

Since a{n +1) = S RF0]

flaln + 1)) = flyogarmy) = (- 2).7(aln)) by (2).
Now fla(o)) = (1) = g - L2l
s0 that Ha(1)) = (- 2).f(al0), = (- 2)%,

f(a(2)) = (- 2).f(a()) : (- 2)3. etc.

It is clear that, for all n,

fla,) = (- 2)"!
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1+4+1.a

’ n_ n+l
i.e. 77 = {-2)
n
Thus (= 2™ . 33 a = -(-2)™ 4
n+1
- 1% (- 2)

for every n.

Q. 523. Let S be the set of polynomials of the form
f(x) = a3x3 + a2x2 tax + a,
such that |f(x)| <1 whenever |x| <1. Show that there exists a number M such

that |a31 <M for all polynomials in S. Try to find a value for M as small as
possible. '

SOLUTION: If -1 <a3x3 + a2x2 + Jxtag <1 for all x in [-1, 1] then, since
- x is still in [- 1, 1]
: 3
- 1< [agl- 0% 4 ay(- )2 4 a (- x) + ag] <1.
Adding these inequal‘ities and dividing by 2 yields
- 1<ad *ax <1 forall x in [-1, 1]

In particu]a'r, taking x =1 and x =%, we have

-1<a;+a; <1 (1)
% .Y
and —1<'8—+-—2—<1 (2)
Multiplying (2) by - 2 gives
-a3A o
--2<——a——a1-.<2 (3)
which, added to (1) yields
3a3
-3 <T< + 3.
and -4 <a3 <4

Thus for all polynomials in S 4t is true that |a3| <4,
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As it happens, M =4 1is the best possible value, as may be shown by exhibiting
a polynomial in S with ag equal to 4. Such a polynomial is r4x3 - 3x, whose
‘value is in [- 1, 1] for all x in [- 1, 1], as is evident from the trigonometric
identity

3

4 cos” 6 - 3 cos 6 = cos 36.

Q. 524. Show that, for every positive integer n,
2(¥/(n + 1) - /n) <1/vn <2(vn - /(n - 1)).
Find the largest integer less than

1+ 1/V2 +1//3 + ... + 1//10000.

SOLUTION: /M +FI>/m>v -1, for every positive integer n;

b MFI+Ah>2hm>/Mm+ /=T
- 1 & 1 < 1 .
vn+ T+ "2/ “Vn+/n -1
vn + 1 - /n a 1 ¢ vn - v/h = 1 _
= (MFT+/mMAMFT-/m) “2/m (et oD - /e
” 2(/W-Jﬁ)<7]_5<2(/ﬁ-m).
Thus 2(/F - /5) <71g<2(/5' - /%)

1
2(/7 - /B) <2 < 2(/& - /5)

----------------------------

Adding, we obtain

2(/I000T - /5) < Jg + Jg + ... + Jobees < 2(/TO00D - JB).

Since /IOOOT ~ 100.005 and /5 = 2.23607 we obtain

1 1 1
165.538 <’J§ FIEE o /TUUU'< 196

1 1 1 1
Adding Tt 7zt g Y Sl 407 + 577 + .5 = 2,784 to all terms gives
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-1 1 1
198.3 <7—f+ }/2‘ L AP /I—O'm<198.784-

Hence the required integer is 198.

Q. 525. A point in the Cartesian plane is called an integer point if its coordinates
{x,y}, are both integers.  Denote by A{R) the number of integer points lying inside
the disc of radius R, centre the origin,

a) Show that the expression A(R)/R2 approaches a Timiting value, £, when
R tends to infinity. Find £.
b) For all R, 1let

B(R) = A(R) - £R?

Then for k =2, it is certainly true that B(R)/Rk approaches 0 as
R tends to infinity. For which values of k 1less than 2 is this
statement still true?

SOLUTION: Let N;(R) denote the number of integer points (x,y) with x and y
both positive lying inside the disc of radius R, and NZ(R) the number of integer
points (x,0) inside the disc with x > 0. Then A(R) = 4N1(R) + 4N2(R) 1,

p—————g &

4 -
\\ it
|
| %

Figure 1. Figqure 2.

In Figure 1, unit squares have been drawn having as the upper right corner an
integer point in the first quadrant of the circle (R a Tittle greater than /5 in

the diagram). It is clear that the area of the quadrant exceeds the total area
of all the squares

N;(R) < ymR?
A(R) < 7R + aN(R) + 1
< mRZ + 4R + 1 {since No(R) <R)
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In Figure 2, unit squares have been drawn having as the lower Teft corner an
integer point inside the first quadrant of the circle or on the axes bordering it.
We see that

knR® <N (R) + 2N,(R) + 1

From this e - Ay (R) - 3 <A(R).

Thus aRE - 4R - 3 <A(R) <R + 4R + 1 for all R.

It is now clear that Aﬁ%) lies between 7 - %-— é%— and ,m + %-+ i%- for all R,
whence it approaches the limiting value n as R -+ .

2

Now if B(R) = A(R) - nR" we have

- 4R - 3 <B(R) <4R +1 for all R
and it is immediately clear that Eﬁ%l approaches 0 if k 1is any number greater
then 1. %
Are there values of k <1 for which Eé%l still tends to 07 The answer is

yes, but more difficult methods are needed for the proofs. The greatest lower

bound for k (roughly speaking, the smallest value of k such that Ei%l tends to
R

0) is not known precisely, but it is known that it 1ies between 3; and 2/3.

Q. 526. A box is locked with several padlocks, all of which must be opened to open
the box, and all of which have different keys. Five people each have keys to some
of the locks. No two of the five can open the box but any three of them can. What
is the smallest number of locks for which this is possible?

SOLUTION: Let the five people be denoted by A, B, C, D and E and write on each
lock the letters of people who do not hold a key for that lock. Then no lock has
three or more letters on 1t (since any three people can open the box). For any
two people, there is at least one lock with the corresponding two letters. Since
there are 502 = 10 different pairs of letters, there must be at least 10 locks,
bearing the inscriptions AB. AC, AD, AE, BC, BD, BE, CD, CE, DE (Note that each
of the five people holds & keys.)
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