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H.S.C. CORNER BY TREVOR

This 1ssue conslders some problems concerning applications of mathematich,

Question 85,1,
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The diagram shows the area A between the swooth curve y'= £(x),
-4 & x S a, and the x-axis, (Note that f(x) 20 for -a S x & a and
f(-a) = £(a) = 0.) The area A 18 rotated about the line x = -5 (where 8 2 a)
to generate the volume V. This volume 15 to be found by glicing A 1ntg’:h;n
vertical strips, rotating these to obrain cylindrical shells, and adding the
shells. ‘Iwo typical strips of width 6t whose centre lines are distance ¢
from the y-axis are shown, .

(a) Show that the Indicated strips generate shells of approximata velume

anf(-t) (B-t)6t, 2uf(r)(s+t)bc, respectively. .

(b) Assuming that the graph of £ 4w symmetrical about the y-axis,
show that V = 2usA,
Problems of this type are generally fairly siuple wathematically, but do require'
a thorough understanding of the applications of calculus to the real world,
In this case, consider the styilp PQ, and its rotaclon about the line g » -a.,
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(4) Rotatlon of the strip PQ generates a thin cylinder, of chickneaa 6t and
height £(¢). The cylinder is a ‘right cylinder', 1l.e, its volume ig che pro-
duct of its height and the base area, Thus the volume of the thin cylinder of
rotactlon is E(t)8A where 8A is the area of the crossectlon., which in chis case
is a chin annulus, The area 8a of this anuulus 1s glven by the difference of
the areas of the inner and outer circles, of radius & + t, and 8 + € + d¢, res-
peccively, as '
84 = n(atetse)? - u(s+t)2,

= 2m(atc) 6t + u6L2,

~ 2n(stt)dt,
since, for very small 6c, the texm in §t? may be neglected, Thus the volume of
the cylinder generated by ratating the atrip PQ is, approximately,

2u(eve) £ L) b,
Similarly, replacing t by =t yields the voluwe generated by rotating the
strip QR to be 2m(s-t)£(-t)d¢t,
The next step is to identify the limits of the incegration which pyoduces

the required volume.u

Note that V = I 2u(stc)£(c)dt, and, also, V = f 2u(a=-t) £(-5)dt,
~a -8
Thus P
ZHI [(a+E)£(r) + (s-t)£(-c)]dr = 2Vi
-a

Thus

a
Ve o) [(ste)£(c) + (a-t)f(-t)}de
=d

(1)

Alternatively (justify this to yourgelf)

a ik
V= 20f (s+e)£(e)de + 2uf (s-t) £(~t)de

o 0
°

= 21u) [(e+e)£(t) + (o~t)f(~t))de (2)
0
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The expressions in (1) and (2) for V are equal. Can you justify this? [T£ not

pug £ o= =u dn (2} ].

(b) the graph of f 1s eywmetric about the y axls, so that £(r) = £(-t).
Thus, from (1),

a
V = 28 f(t)dr = 2usa,

“g

Quescion 85,2,

This is a hardish problew on projectile motions,

Two stones are thrown slmultaneously from the same polnt in the same di-
rection and with the same hon-zero angle of projecrion {upward inclination Ea
the horizental), a, but with different velocitiea U, V metres per gecond
(0 <V). A

The slower stone hits the ground at a point P on the same level ag the
point of projection, At that instant the faster scone just clears a wall of
height h metves above the level of projectlon and its (downward) pach'makeﬁ
an angle R with the horizontal,

(a) Show that, while both stones are in flight, cthe line joining them has
an inclinacion to the horizontal which 1 ladependent of time, Hence,
express the horizoncal distance fxom P to the foor of the wall in

terms of h, a.

(b) Show that
V(tan o + tan f) = 2U nan a,
and deduce that, if B = a, then |
u<%m
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Let (x,y) be the coords of Pl’ (p,q) be the courds of Ql a4t tiwme ¢, then

(a)

(b)

cos O t
gin o t - Ygr?

cos o t

= < O =

x
Y

pli
q gin a £ - hge?

. q-y _ t(V-u)sin o
Thus, the gradientc of PlQl 1s pox - T(Wu)cos A = Lan 0.

Hence PlQl always makes an angle o with the horizontal, Thus
PR = h cot a 18 the required distence.

This sectilon 18 straight forward, really, but quite hard, hecause it
requires a change of thought patterns) At time ¢, the velocity-

"~ components Qp,v) of the upper particle are given hy

u®Vcos o
veyasinag~- gt

and thua

-y _ =V gin a+gl
tanﬁﬂu-' V cos a

at Q, when T is the time of flight of the lower particle, - Remember-
ing the formula for T, or letting-y = Q in (a) above, we‘find that
T = 2U sin a/g Lt |
V tan § = -V tan o + 2U tan a, and hence
V(itan o + tan 8) = 2U tan a

' U, tan o + tan f tan B
R V e R U

Given that B = hu, then tan o = tan 2B = §_£££"ﬁ > 2 tan B
L~tanf

since 1 - pypcp < |,

Lan .
Thus ;ﬁi—g <4, and hence

U i o 3
v <K(l+k = i

hence U <% Y
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