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H.S.C. CORNER BY TREVOR

This issue we first look at the problems on inequalities:

Question 85.3 (3 unit paper)
It is given that A >0, B>0 and n is a positive integer.
(a) Divide A" . A" + B™} - B"A by A - B, and deduce that

antl o gt g 4 gMp,

(b)‘ Using {a), show by mathematical induction that

A+ B\" _ A"+ "
B <i

n+1

Solution: (a) Clearly An+1 - A8 + B i Epy

AMA - B) + B"(A - B),
(A" - 8™)(A - B),

]

By inspection for the 3 cases A>B, A=8, A< the expression in
(1) >0. ror (A - 8)(A" - B" = (A - B)2(A™Y 4 A" 28 -1 e BT 0]

Thus
LS IS LAY

(b) Assume (A ; B)k 5255—%—§53 where k is a positive integer.
hus (A2 B)k+1 < A5 B)(‘L‘k : Bk) = uraktl 4 gk*l y gak 4 agky,
But, by (a) BAk # ABk s:Ak+1 k 1, therefore

Akt gt L gak o gk g cyraktl 4 gkt o gkt gl

< %(Akﬂ i Bk+1).

Thus, if the result is true for n = k, then it is also true for n =
But, for n = 1,

k +

L.



A+B _A+B
ST

therefore result is true for n = 1, and hence it is true for all positive
integers n.

Question 85.4 (4 unit)
It is given that x,y,z are positive numbers. Prove that

(a) X + y2 2 2xy»

(b) X2 + y2 + 22 - Xy - yz - zx = 0.

Multiply both sides of the inequality (b) by (x + y + z) to obtain

€) x>+ y>+ 23 = 3xyz.

Deduce from (c), or prove otherwise, that
(d) (x+y+2)(xt+y ezl >0,
Suppose that x,y,z satisfy the additional constraint that
XxX+y+z-=1,

Is it true that the minimum value of the expression

-1 1

X Tty o+ 271

is equal to 9? Justify your answer,

Solution: (&) This is a gift, of course. In case you have forgotten

2 2 2

x4y = (x - y)© + 2xy = 2xy.

(b)  Another well-known question. Consider

X=(x-y)2+(y-2)%+(z-x°>0.

Expanding
x2 " y2 _ 2xy 4 y2 2 Z2

2[x2 + yz + z2

- 2yz + 22 + x2 - 2X2

><
i}

1}

- Xy - yz - zx] 20,
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(c) Since x+y+2z2>0,

0<(x+y+2)(x2+y2+22-xy-yz-zx).

=x3+y3+23+xy2+x22+yx2+y22+zx2+zy2

- xzy - Xyz - X’z - xy2 - yzz - XyzZ - xyz - y22 - zzx,

x3 # y3 + z3 - 3xyz.

(d) This is a very pretty consequence of (c) - and easy, provided you are
not put off by the notation. Better still, replace x,y,z by a,b,c. Then,
if a-= x3, b = y3, c = 23, then a+ b+ ¢ = x3 + y3 + 23 3a1/3bl/3c1/3.
Similarly

2 3xyz =

1,1,15,,-¥3 W3 -I/3
"a" * b + C = 3a b C :
Thus for positive a,b,c,
(@+b+chalebl e cly >3 3pY3c 13 357 V3 13713 L g

The remainder of the question is a little misleading. Simply take
a=>b=c=t (say), then

it

a+b+c 3t

1,1,1_3
a'b'e "t

and then
(a+ b+ c)(a"1 + b1 4 c"l) =9,
Thus the minimum of the stated expression is 9. If a+b+c=1, then

a =b=1c¢ implies that a=b =¢ = %3 and then the expression is actually 9.

We now look at some of the trigonometric problems:

Question 85.5 (3 unit)
4

Prove that: 8 cos™ x = 3 + 4 cos 2x + cos 4x.

2

$o1ution: Note that 2 cos™ x = 1 + cos 2x. Therefore
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2(2 cos” x )2

8 cos X

2(1 + cos 2x
2

2 + 4 cos 2x + 2 cos” 2x

2+ 4 cos 2x + 1 + cos 4x

{h

3 + 4 cos 2x + cos 4x,

Question 85.6 (4 unit)

Write down expressions for sin(a + B8), cos{a + g) in terms of sin a, cos o,
sin B, cos B. Deduce that

tan o + tan B

tan(o + 8) = T ¢an o tan B °

and

tan o + tan B + tan y - tan o tan B tan y

tan{e + 8+ Y) = T fangtan B - fan B tany - tan o tany © ()

By means of the substitution t = tan 0, transform the equation
sin 46 + a sin 26 + b cos 20 + b =0

into a cubic equation in t. (a, b are real constants, a # 2.) Suppose
the roots of the transformed equation are tan o, tan 8, tany. Show that
o+ B+ vy is a multiple of .

Solution: The first two results are quite straight-forward.,  Assuming these
resuits, let t = tan 6, then:

i
1"'t . 2t
cos 20 = , Sin 20 = ——y
1+ t2 1+t
and
2.2¢(1 - t2)
sin 40 = 2 sin 20 cos 20 = = 55 .
(1 + t7)
Thus

i~
]

sin 40 + a sin 20 + b cos 20 + b,

b(1 - t%) ,

_at(l - t)°, _2at
14+t

(1 + tz)2 1+t

+

2
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Thus
1+ t5)4

Divide by two, and noting that Z = 0,

Let t1 = tan o, t2 = tan B, t3 = tan vy

since a # 2,

by # by g8

Hence, using (1),

tan{a + B + vy) = 1

Since tan(a + B + y) =

4t - 4t3 + 2at + 2at

4t(1 - t2) + 2at(l + t2) + b(1 + t2y(1 - t2) + b1 + tz)2

3 4 2 4

+b-bt + b+ 2bt" + bt

t3(2a - 4) + 2bt% + (4 + 2a)t + 2b.

the required cubic equation is

(a - 2)t2 + bt2 +(a+2)t+b=0. ~ (2)

be the three roots of (2), then,

-

b _at? _
T bty totptg ttaty = o Yty T - g Ty
b b
Gttty ttty TE-Z a-2_,
U PRI U R

0, it follows that

a+ B+ y =nm

S D> D> @
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