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Q.708.

ANSHER .

xy =2

SOLUTIONS OF PROBLEMS Q. 708 - Q. 719.

A four digit number a b ¢ d has the property that a + b = ¢ x d and also
axb=c+d. Find all possibilities,

Let x, y be two positive integers with x 2 y. If y 2 2, then
2x 2 x +y. In this we have equality, xy = x + y, if and only if x = y = 2

Hence if x y < x + y then y = 1,

. 709.

ANSWER .

Now let a + b=cx dand ax b =¢ + d.

One of the following three situations must apply.

{I) ax b=a+b and cxd=2¢ + d
{II) ax b>a+b and ex d < c¢c +d
{III) axb<a+b and cx d>e¢c + d

If (I) applies, the previous discussion shows that a = b = ¢ = d = 2,

If (II) applies, one of ¢, d is 1, and we must have a x b = a + b + 1,

& Er:‘; =

If b exceeds 3 it is easy to see that 1 < E—E—% < 2. Since a is a whole

number there are only two possibilities; j.e. b =2, a = 3; or b = 3, a= 2,

Now we have ¢ x d = a + b = 5, Hence c, d are 1 and 5 in either order.

If (III) applies, we have a similar result, interchanging a, b with ¢, d.

Thus the only possible numbers abcd are (2222, 2315, 2351, 3215, 3251,
1523, 1532, 5123, 5123}.

Prove that the numbers 49, 4489, 444889, .... (each obtained by inserting
48 into the middle of the preceding number) are all perfect squares.

n digits (n-1) digits 2n digits n digits
4 e BB sowesgads BS: = 4§ oo & = A8 poln an 4 +1

- 25 -



2.710.

ANSWER.

Hence for any n, this number is a perfect square. (Note that the numerator
2000 ... 01 is exactly divisible by 3 since the sum of the digits is 3).

A number is “palindromic® if it reads the same with the digits in reverse
order (e.gqg. 42724) . Find all palindromic numbers with 6 digits which
are obtainable by adding two palindromic 5 - digit numbers.

Clearly u, = s u, = 1 and az + 12 = 11,

A v, must be either 1 or 2

Case 1 vl = 1. then bl + B1 < 10, since no 1 is carried.

i 1+b2+B2-v2-1 "bz'az'o_"i -li -0,

We muat have wl = 0 or 1.

Hence, the only possible answers with v = 1 are
110011 or 111111,
(These are cbtainable; e.g. 50005 + 60006; 50705 + 60406) .

Case 2. v = 2, Then b1 + Bl > 10, and b2 + 32 + 1 = 12,

Then “1 = 1 or 2

The only possible answers are 121121 and 122221.
[e.g. 57075 + 64046; 57875 + 64346)



Q.711.

ANSWER.

Q. 7i2.

ANSHER..

Hence there are four possible answers:-
110011; 111111; 121121; 12222].

1000
One ocbvious solution of the equation (l.ﬁﬂlix = 1 + x

is x = 0. There is another (large) value of x which satisfies the

equation., Can you find an approximate value of the second solution?

Since the large solution must obviously be greater than 1000, the term 1 on

the R.H.S. is totally negligible compared with 11000 and may be omitted when

obtaining the approximate solution. Taking natural logarithms

5. 0011 = 3000

% 1ln 1.001 = 1000 ln x.

1000
= A Iln x where A = T et - 1000500

Put x = A y. We obtain

y=1ln A+ ln y = 13.81601 + 1ln ¥

Clearly y must be greater than ¥, - 13.81601 and indeed therefore somewhat
greater than Yo = 13.81601 + 1n 13.81601 = 16.441 ..

We can continue this iterative process, finding successively better ap-
proximations to y, by taking ¥ 13.81601 + 1n Yot *

The next few values, ya. T YG are 16.62637, 16.62100, 16.62704,

16.62704,....

Hence a solution of y = 1In A + 1ln y, to about 7 significant figures, is
16.62704.

. x=Ay = 1000500 x 16.62704...

= 16635347

Given positive integers a (» 1), m, and n , where m and n have no

m

common factor except 1, find the highest common factor of a - 1 and

an = 1 and prove your result.

Note that el (a - lltamrl + am—z 4 ... + 1) and similarly a - 1 is a
factor of an - 1. We shall prove that a - 1 is in fact the highest common
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ANSWER .

factor of a" - 1 and a" - 1. Let us assume that m > n > 1. Then any common

factor, ¢, of a™ - 1 and a" - 1 is also a factor of

hm G 15 = am—n (.n < A . am-n o0 S

Note that n and m-n have no common factor except 1. (If p In and pim-n then

"

pi{m-n) + n i.e. p is a common factor of m and n. . p=1). Thus the

h.c.f. of am— 1 and an - 1 is alsoc the h.c.f. of aml -1 and a" - 1,where

m =m-n<m, and m and n are still relatively prime.

This process can be repeated, at each stage obtaining a pair of numbers

ol | and a¥ - 1 having the h.c.f of & = 1 and a" -1 as a common factor,

with x and y relatively prime positive integers. The process obviously has

‘to terminate eventually, and it is clear that it does so only when x and y

are both equal to 1. Thus the h.c.f. of a® - 1 and a" - 1 is also a factoer

of a - 1, and our assertion is proved.

You are given 100 point in a plane, no three of which are collinear. Any
50 are chosen and labelled L., the others being labelled B. Show that
it is possible to draw 50 straight line segments each linking a point
labelled A to a point labelled B in such a way that

(i) each of the 100 points is an end point of one line seément.
and (ii) no two line segments intersect.

Let us ignore (ii) for the moment. Then there is only a finite number of
ways, N, say, of drawing 50 line sigments using all the 100 given points as
end points. (You may be able to find a formula for N, but this is not of
importance) . For each of these N possible constructions, calculate L, the
sum of the lengths of all 50 line segments. Of the N values of L, a minimum

answer Hmin must be obtained. Take any construction for which L = L

min °
We claim that for this construction (ii) is satisfied.

Suppose on the contrary that in our constructiocn

there is a pair of the line segments Al Bl and Az Bz

which intersect at X. Then alx + X B2 > nl 32 and

A.ZJ{+X32>.H.ZBI.
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Q. 714.

Thus if in our construction we replace these two line segments with Al 32

and hz B1 we would have another construction satisfying (i) with L < Lhdn i

a contradiction.

I have four infinite sets of whole numbers X,, X,, X, and X,- Every non-

negative integer m can be expressed uniquely in the form

- +
m x1 + x2 + xa x4

where xl [ xl, le Xz, x3¢ 13, and x4 e x‘.

(1) Show that 0 1is in every set, but that no other number can be in more
than one set.
(i1) For any N > 0 let n(N) be the number of alements of

xl xz xa xl which are less than HN.

Show that n(N) 2 4 HlH - 3 for any N.

(1ii) Find four sets having the stated properties, and if possible a number,
ﬁ for which

niN) = 4 NII‘ - 3.

(1) oObviously, since 0 is to be expressible in the form

0= x1 + 12 + 13 + x, with each x, z 0, we must have

X, =X, = X, = x, = 0. . . 0 1is in every set X

-
If any other non-negative integer n occurred say in xl and X, then

n =n+0+0+0=0+n+0+ 0 gives two different ways of expreasing n

in the form xl + X, + X, + Xge contradicting the uniqueness stipulation in

the data.

(1i) Let xl, xz, x3, x4 contain respectively nl, "2' “3' and n4 numbers

lezs than N. Then (since 0 is counted 4 times on the LHS)

nl + n2 + n3 + n4 = n{N) + 3.

+
Thus the arithmetic mean of | Nyr Dye Ngy n4} is ;i%l-l
Each of the N numbers 0, 1, 2, ..., N-1 is expressible as x_+ x_ + x_ + x

b & 2 3 4

with each xy less than N. There are exactly n, x n, x nax l').‘l different

x n, 2 N.

such expressions, so we must have n_. x n_ x n 4

1 2 3
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ANSWER.

1
Thus the geometric mean of Inl, n,, n 4

" n4l 2 N since the arithmetic

3
mean is never less than the geometric mean for a set of positive real num-

1 1
bers it follows that ni(N) + 3 2 N4, orn(N) 2 4 N4 - 3.
4

One cholce of xl, xz, xa. x‘ places in X, all numbers whose decimal repre-

sentation contains the digit 0 in every place except tha "1l.7ﬁn—1'r places, where
Bow k£ L, Roeo0: 1 8 ssu
i.e. xl = {0, 1, 2, 3, ..., 9, 10000, 10001, .. 10009, 20000, ..}

xz = {0, 10, 20, 30, ..., 90, 10000, 10001, .. 10009, 20000, .. }
x3 = {0, 100, ..., 900, 1000000, 1000100, .. }

34 = (0, 1000, ...

Then, for example, the number m = 5478267316425 is 5000200010005 + 8000300020

+ 70007000400 + 400060006000, these summands being in X X

o 13, X

1’ 4

respectively.

72 W - 10008, 5(N) = w, + n,+n;+n, -3 =37 =4x (10000) 274 - 3.

In the figure, A B C is an equilateral
triangle, with sides 52 cms long,
inscribed 1in a circle. PQ is parallel
to BC + and the lengths AP, PQ are
x  cms, Yy cms respectively, where x
and y are both whole numbers, Find all
possible values of x and vy.

From the figure, DQ2 = 0H2 + qu.

e -2l (2 y?

where r = é% is the radius of the
¥3

circle

This is equivalent to

1087 = (3x - 1002 + 3 (x + 2992
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1042 = 6% + 3 &% i
where H = 3x - 104 , K= x + 2y,
2 2
The simplest way to proceed is to calculate ¥ (104° - 3k°) for

K=1,2, ...,60 with a calculator. The only integer solutions prove to be

K =28 |, H=1t 92,

K=32 ., H =+ 88

K=252 , H =1 52

K= 60 , He=z1 4,
The solutions H = - 92, K = 28 yields x = 4, y = 12

H=4, K= 60 ylelds x = 36, y = 12.
Other values of H and K either yield non-integer values of %, y or values of
x outside the range 0 < x < 52.
[One can reduce the amount of trial and error in finding the solutions of
{1} 4in a number of ways. For example, one can establish that all solutions
2

are given by H = + § ¢ v2 ~3u), HK=§uw,
2

where &, u, v are whole numbers, such that 8 {3u2 + vzl = 104,

2
Then (B,u,v) = (4, 1, 7) = H = 2 92, K = 28
(,u,v) = (16, 2, 1) » H =% 88, K = 32
@B,u,v) = (4, 3, 5) =« H=24, K= 60
and B,u,v) = (52, 1, 1) 4 H =2 52, K = 52.]

Q 716. (i) Suppose that x is a real number with the property that there is an

infinite sequence of rational numbers.
i S e
[ [ ] r

9 9,

{pn, q, are integers), all different from ¥, but such that

| x - Eﬁ I < 1 P for n= 1, 2, 3, ....
qn
Prove that x cannot be a rational number.
(i1) Let x = % + i; + l; + ... 0+ 2 . P
2 2 22"-1

Show that x is an irrational number.

= 3] -



ANSHWER,

(ii)

Suppose we are given a real number, x, and we try to approximate it by a

raticnal number with denominator q. The points on the number axis cor-

responding to 0, % 1/q, # 2/q, ..., *+ h/g, ... subdivide it into intervals

of langth 1/q, and x (if it is not equal to one of them) lies in some inter-

val h/q < x < (h + 1)/gq . Hence there is at most one such rational number
(either h/q or (h+1)/q), for which |[x - p/ql < 1/2q .

Since l: £ %E when q > 1, there is certainly at most one number E

q q

for which |x - B | <1 |
q qZ

Now suppose x itself is a rational number, x = % » and suppose that there

pn as in the question.

%

For each of q =2, 3, ..., k there is at most one number in the sequence

is an infinite sequence,

having gq as denominator. When these are deleted there must remain an in-
finite sequence in which all the denominators exceed k.
But if 4, > k

o

' % -2 - lh " Pak 2 L > =

_n e 1
- qn k q“ kqn qn2

(since the numerator is an integer = 0). Thus no such sequence can exist if

x 1is rational. [Comment : It is a more interesting fact that for every

irrational number x such a sequence of rational numbers can be found.]

et ro=ded o4
2 2 -1
2
- Py {where P, is some whole number).
n
22 -1
1 1
Now x = rn - 2n+1_1 2n+2 . 3P
2 2



Since this is true for all n, it follows from (i) that x must be irrational.

i
Q 717, (4) The function f£(x) = ex = exp{x) has the property that £ (x) = £ (x)
for all =x.
Prove that for all positive numbers x

e > 1 + x.

(ii) Let XKoo Xogr o wee X be any positive numbers,
- = L 5
Sn xl + x2 . xn, Qn ll+xllx{1+x2}x e xn)
Show that explsn) > Qn > S“
kz + k + 1
() et g ~ S By TN g X 8
k + k

Show that P, < a for any positive whecle number n.

ANSWER . {1) oo = 1 and e® > 0 for all x . . £ (x) > 0 for all x, so £(x) is an

increasing function. Hence if x > 0, £{x) > e® = 1.

X X X

f(t)dt > J l1dt = x

It follows that ex—l = I
0

£r{t)dt = J

0 0

i.e. ax >1 +x for x> 0.

(ii) exp S_ = exp X,

> (1 + xli (1 + xz'.l e Mk xn} by {i)

= Qn i
n
and Q@ =1 + %I x + I x,x +
= j=1 15 i<3<d

>1 + En {since all omitted terms are positve)

- 11 =



{iii) Take xk = 21 in (ii)
5 &
n 2
+ k +
o -n (14 21 - o K 2k L. 1
et e ks k- # &
n
1 1 1 1
= - Py T
g B k§1 K (k+1) 1.2 V23 ° n(n+l)

Q. 718.

ANSWER..

T.o{i4y, B Qn <expS <expl-=e

For any positive integer n

X = {1 <+ %} x (1 + Yoo s

n 3Ix2+3

1

S S & B

Show that x_ < 2 for all n.

We shall show by mathematical induction

3 1 1
that In = Sk 21 + ET' ¥l #* ;T
This is true when n = 2 since the only factor is 1 + ;
Assumin =1 + & + b e
SURg X1 2t 7 T e
X = x x| 1 + 1
k k-1 kx (k=1)x - x2 + k x ... x3 + ... + k
1
= X » 1 + 1 1 1
er | s @ |
RSt @ Y ema

- 14 -
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1 1
- X +1— L S

1
k-1 X 21 gzt T X

The induction step has been established. Hence

x =L Loy .4 1 for all n 2 2
n 2! n'
Since 1 s 1 for x 2 2,
k! 2
k
1
x s 1 +1+1 + L | m. 2] = = 2
“ g 2 n getd
2 2

Q. 718, For any Iinteger n each of £(n), gi(n), and h(n) denotes a
corresponding integer. No two of £, g, and h are identical functions.
(e.g. There is at least one integer m such that f(m) = g(m)).
Bach of £, g, and h satisfies the functional equation:-

F(mn) = F(m) F(n) + F(m+n) - 1 for all integers m, n.
(e.g., h{mn) = h(m) h(n) + h(m+n) - 1 for all integers m, n).
If £(1987) = £(1) and g(1987) = g(0), f£find h(1987).

ANSWER. We try to find all possible sclutions, F(n), of
F(mn) = F(m) F(n) + F{m+n) - 1 (1) .

Setting m = n = 0 in (1), F(O)2 =1 .°. F(0) = % 1.
1f F(0) = 1, taking m = 0 in (1)
1=1. F(n) + F(n) - 1

., F(n) = 1 for all n.

This gives one solution of the functional equation, (1).

For all other solutions F(0) = = 1

Set m=n =2 in (1). thjz = 1
F{2) = % 1.
Case A F(0) = F{(2) = - 1.

Set m=n =1 in (1). F(1l) = lF{ll]z =2

F(l) = - 1 or F(1) = 2
If F(1) = - 1, setting m = 1 in (1) yields
Fin) = = F(n) + F(n+l) - 1



Hence 1if either F{(n) or F(n+l) = - 1, 80 is the other. Hence F{n) = -1
for all n is a second solution of (1).
If F{l) = 2, setting m = 1 in (1) yields

F(n}) = 2 F(n) + F(n+l)~ 1

F(n+l) = 1 - F{n) for all n.

1f either of F(n), F(n+l) is - 1 or 2 the other takes the remaining value.
This yields the solution

Fi(n} = - 1 for n even

F(n) = - 2 for n odd
Case B F(0) = -1; F(2) =1

Set m=n = 1 in (1), F(1l) = Ftll2

«. « F{(1) = 1 or 0.
If F(1) = 1, setting m = 1 in (1) gives F(n) = 1 for all n.
{This is inconsistent with F(0) = - 1).

. if F{0) = = 1, and F(2) = 1 we must have F(l) = 0 and setting m = 1
in (1) yields F(n+l) = F{(n) + 1.

Since F{l) = 0 we obtain F(n) = n - 1 for all n.
We have shown that if F(n) satisfies (1) there are four possibilities for
Fin):~-
(A) Fi(n) =1 for alln ;(B) F(n) = - 1 (all n);
(C) Fin) = =1 (n even), F(n) = 2 (n odd);
(D) F(n)} = n-1, all n.
(It can be immediately verified that each of these actually does satisfy (1)
for all m, n).
Now g(n) can be either of (A) or (B), and f(n) can be any one of (A), (B) or
(C} . So we are unfortunately unable to decide which function is h(n); it
could be any of the above four solutions. There are thus 4 possible answers
for h(1987); wiz 1, -1, 2, 1986,
[Comment . When I constructed the problem, I missed one of the solutions of
(1), and believed h(1987) was uniquely determined. To amend the question,
add an extrﬁ function k{n), such that k(1987) = k{(2). Now none of f,g, and
k is the solution (D) above, 30 we must have h{1987) = 1387 - 1 = 1986.

Apologies, Ed.].
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