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Roots and all: An economical algorithm
Farid Haggar!

Every polynomial of degree n can be expressed as a product of factors,

p(z) = apz” + a 2" + agz"? + -+ +a,

=alr —ag)(x —ag) - (z — ay).

Note that the «;, which may be real or complex, are the roots of the polynomial, i.e.,
p(ay) = 0foralli =1,2,... n. Itis natural to look for relationships between the roots
of the polynomial a; and the coefficients a;. Two well-known relations are
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where

W(]Il,

w1 = E aj,
J
Wo = E a0,

i<k

w3 = E Q;0q0,

j<k<l
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It is possible to find identities relating the sums of the powers of the roots defined
by
si=> (ap)f, i=12..,
J
to the coefficients, w;, of the monic polynomial, without actually finding the roots «y,
explicitly. These identities are known as Newton identities, or Newton-Girard formu-

lae.
It is straightforward to find recursion relations linking w; and s;. Note that
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where wy = 1, sp = n. We now separate off the i = 0 contribution in the above sums
and solve separately for s,, and w,, to arrive at

n

i—1
Sn = Z(—l)Z WiSn—i (1)
=1
and
1 n
i—1
Wy, = — E (—1)" siwn—i. (2)
n 4
=1
We can now use the recursion relations to obtain s; as functions of wq, wa, ..., w;;
and w; as functions of s, so, ..., s;. The first few terms are as follows:

S1 = W
Sg = wf — 2wy
S3 = wf — 3wiwsy + 3ws

Sy = wf - 4wfw2 + dwiws + 2w§ — 4wy
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By proceeding recursively in this fashion we can obtain w; as functions of the sy, so,
..., s; for any finite 7, but the process is laborious. We now describe a more economical
way to obtain these expressions for w;.

In general we can write

Sp = Sn(w17w27 cee 7wn)
1
= Esn(kwl, ]{72002, Ce ]{ann),
and
Wy = wn(sla 52, ..+, Sn)
1
= Hwn(ksl, k282, ceey kQSn),
where k& # 0. We show that the coefficients in s, (wy,ws, .. .,w,) and w,(s1, S2, ..., Sp)
can be determined by solving a system of linear equations as follows:
The selection oy = as = --- = o, = lissuch thats; = n,w; = (7) i = 1,2,...,n,
hence
n n n
Sp, , s =n,
1 2 n
wp(n,n,...,n)=1.

Since the number of roots assigned have no bearing on the outcome (they are merely
passengers), the equations above can be extended to the identities

(00 ()=

wali] = wnGi gy ) = (j) @)

n

where (fl) =0if j <n.



For example,
ws(s1, 89, 53) = as> + bsysy + cs3,

where a, b, c satisfy the equations

ali]=atb+e=(4) =0

1 1/2
§w3[2] =4a+2b+c=— (3) =0,

2
1 1/3 1
“ws[3] =9a+3b+c=—-(")==.
3w3[] a+3b+c 3(3) 3
The number of terms in s,, (w1, wa, . . . ,wy) and wy(s1, So2, . . ., S,) is the partition func-
tion II(n) of n, namely the number of integer solutions (x1,xs,...,x,), zx > 0 of the

equation
n
E kx, = n.
k=1

An alternate algorithm to (2) for w,, follows:
Define w!, i =1,2,....,n — 1by

wq(ml) = wn(07 52, 53, 3 Sn)
w7(12) = wn(0707837 7Sn)
wn3) = wn(O, 07 Oa Sy, ) Sn>

so that the number of terms in w) is the i-th partition function I1®)(n) of n, namely the

number of integer solutions (z;+1, Tit2, ..., %y), T > 0 of
n
g krp, =n
k=i+1

and it satisfies the difference equation

IO (n) -1V (n) = -1V (n—1), T9(n)=1(n) (5)
leading to
10 (n) = LT — k) +1 for 0<i<[2—1] ©)
1 for ngg i<n-—1,

where | 2] is the largest integer smaller or equal to 2, since 1"~V (n—k) = 0 for k > [2].



Moreover, the partial derivatives of w with respect to si, so,...,s, satisfy the
canonical relations

Dol {(_1,)€klwslk for0<i<|2-1],i+1<k<n—i—1

= 7
Osy, 0 otherwise, @)
where Wl = wy. Lastly, integrating (7) in accordance with (6) yields
) 5] (_1)k—1 o1 (_1)n—1
wﬁf): Z/ 7 w}l:k)(?sk%—Tsn, 1=0,1,...,n—1 (8)
k=i+1
where the sought after algorithm for w, corresponds to i = 0.
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The latter is less exhausting than (2) with n = 6, which carries a surplus of 7 TI(i) —
II(6) =14+1+2434+5+7—11 = 8like terms to the ones allocated. This surplus grows
exponentially with n: Possibly an incentive to go economically?



